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Heat Storage as Evidence of Hydrographic Cycles in the 

Southeastern Mediterranean Basin 
 

By Ibrahim A. Maiyza

, Tarek M. El-Geziry


 & Shimaa I. Maiyza


  

 
Numerous studies were conducted in the Southeastern Mediterranean Sea to 

determine whether variations in the hydrography and fisheries exhibit cyclic 

behaviour. This work investigated the long-term cyclic behaviour of physical 

properties in the Southeastern Mediterranean basin; taking heat storage as a 

parameter of interest. Heat storage is said to be a more accurate component to 

measure the probable thermal cyclic behaviour within a specific basin; it allows 

for the elimination of diurnal (full) and monthly effects on the examined thermal 

behaviour to a lesser extent. The work aims to: (1) provide the best fit model of 

heat storage anomaly changes; and (2) investigate any cyclic behaviour of 

change over a considerable span. The hydrographic data (temperature and 

salinity) were scattered over the period 1889-2021. However, because of the 

scarcity of data over the period 1892-1964, calculations of the mean annual 

heat storage and mean annual heat storage anomaly focused on the period 

1965-2021 of continuous records. The minimum mean annual heat storage 

anomaly of the 300 m layer ranged from -9.0E9 Jm
-2
 (1992) to +0.84E9 Jm

-2
 

(1994), with an overall mean of -0.016E9 Jm
-2
. +0.43E9 Jm

-2
 was the standard 

deviation from the mean. The best fit model was produced for the variations in 

the mean annual heat storage anomaly. This was represented by a cubic 

equation with R
2
 of 0.21. The minimum anomaly occurred in 1980 and the 

maximum in 2015. Therefore, the results confirmed the 70-year cycle of variation 

in the hydrographic conditions in the south-eastern Mediterranean region. 

 

Keywords: Southeastern Mediterranean Sea, heat storage, anomalies, cycles 

 

 

Introduction 

 

A considerable body of scientific evidence reveals that the Earth's atmosphere 

has changed over time, indicating that the planet is warming (Masson et al. 2021, 

Thapa et al. 2021). This change is primarily caused by manmade activities that 

emit pollutants, with natural causes having a minor role (Jonathan and Raju 2017). 

Many signs of climate change can be found all around the world, e.g., higher air 

temperatures, drier locations, wilder weather, warmer seas, and faster rates of sea-

level rise (Tonbol et al. 2018, El-Geziry 2021). According to the 5
th
 Assessment 

Report of the Intergovernmental Panel on Climate Change (IPCC 2013), global 

surface temperature data calculated using linear trend showed a 0.85°C warming 

                                                           

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
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from 1880 to 2012. The spatiotemporal distribution of the increase in global air 

temperature is not uniform over Earth. The increase in air temperature varies by 

region, with the Northern Hemisphere having the greatest increase (Bačević et al. 

2020). Rising air temperatures may have various repercussions on different parts 

of human life, including human settlements, agricultural goods, energy 

consumption, environmental and social processes, and so on (Piticar and Ristoiu 

2014, Bonacci et al. 2021). However, in contrast to the considered continuous 

global warming concept, there is another sizeable group of researchers declared 

that the Earth, over ages, exhibits several recognized climatic cycles and 

teleconnections (Ilyes et al. 2022). By definition, cycles can have a recurring 

impact on the Earth's climate, whereas teleconnections can have a widespread 

impact on the weather (Ilyes et al. 2022). Typically, temperatures rise throughout 

the day and fall at night. Summer and winter have warmer and colder air, 

respectively. Climate also goes through cycles that last much longer than a human 

lifetime. Natural climate records, such as ice cores, fossilized pollen, ocean 

sediments, and tree growth rings, provide a large portion of the information we 

have on previous climatic conditions.  

Long- and short-term cycles exist in the climate of the world (Millar et al. 

2006). The former can be directly linked to variations in the amount of solar 

energy that the earth receives because of the geometry of the Earth's orbit and its 

passage around the sun. Scientists have also suggested that variations in the tilt of 

the Earth's axis could be a contributing cause. This angle influences both the 

annual temperature range and the long-term effects on the Earth's climate. Last but 

not least, tectonic motion and ocean circulation are two elements that impact the 

planet's long-term climate. On the other hand, seasonal fluctuations in natural 

parameters, e.g., temperature, and air-sea interaction processes, such as monsoons 

and ENSO, are the most prevalent ways to identify short-term cycles.  

Schlesinger and Ramankutty (1994) revealed the oscillation of the global 

climate over 65-70 years. This was further determined by Minobe (1997) for the 

sea surface temperature (SST) variations over the North Pacific. According to 

several hydrometeorological patterns of the global-scaled climate cycles, SST and 

pressure anomalies (Renard and Lall 2014), precipitation (Bhatia et al. 2020) vary 

on annual to multidecadal time scales. A coherent pattern of rhythmic fluctuations 

of roughly 60–90 years in the North Atlantic multidecadal SST has been 

recognized by Kerr (2000). Knudsen et al. (2011) linked a persistent 50-70 year 

Atlantic multidecadal SST oscillation to internal ocean-atmosphere variability. 

Maiyza et al. (2015) modelled the long-term trends of Monthly SST and sea 

surface salinity anomalies (MSSTA & MSSSA), for 63 years (1948-2010) within 

the Northern Atlantic and Pacific Oceans. Their results revealed that the MSSTA 

exhibited cyclic behaviour within the two basins, whereas the MSSSA showed this 

behaviour only within the Atlantic Ocean. They concluded that the MSSSA within 

the Pacific might reflect the absence of cyclic variations or a very large cycle of 

variations, a tiny part of it, appeared throughout the period of investigation. 

Maiyza et al. (2021) extended their work to examine the behaviour of the mean 

annual surface temperature and salinity anomalies (MASTA & MASSA) within 

the South Atlantic and the South Pacific Oceans. They used long-term data sets 
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over 103 years (1911-2013) within the former, and 155 years (1859-2013) within 

the latter ocean. They concluded that the two oceans in the Southern Hemisphere 

exhibited periodic (cyclic) trends in both MASTA and MASSA. Their conclusions 

are in agreement with those of Venegas et al. (1998) who showed that the SST 

anomalies in the Southern Atlantic Ocean exhibit interdecadal cyclic variations. 

Not only the physical properties, but also the fishing resources (fish catch) 

have been proven to have cyclic behaviour of abundance, e.g., 60-year cycle of 

Pacific Sardine abundance (Baumgartner et al. 1992), the 60-70 year oscillation of 

Icelandic Cod (Jonsson 1994) and 50-70 year cycles in the stock dynamics of the 

main commercial species in the Atlantic and Pacific Oceans (Klyashtorin 1998). 
 

Cyclic Behaviour in the Southeastern Mediterranean Sea 
 

Numerous studies were conducted in the southeastern Mediterranean Sea to 

determine whether variations in the hydrography and fisheries exhibit cyclic 

behaviour. Maiyza and Kamel (2009) investigated the SST trend of variations in 

the southeastern Mediterranean Sea over the period (1948-2008) and their findings 

support the idea that SST fluctuates over time rather than continuously rising 

because of the so-called global warming. The results of Maiyza et al. (2010) 

showed that the sea surface temperature anomaly (SSTA) in the southeastern 

Mediterranean basin had both positive and negative fluctuations over the period 

1948-2008. These cycles' lengths varied between 8 and 15 years. Nearly all of 

these cycles coincide with the 11-year cycle of sunspot activity. This was also 

confirmed for the sea surface salinity anomaly (SSSA) over the period 1948-2010 

(Maiyza and Kamel 2010). Examining fluctuations in air temperature and 

hydrography as well as the River Nile drought phenomenon reveals that the 70-

year cycle may be one of the most significant drivers of climate change (Maiyza et 

al. 2011). The drought extends approximately +/- 7 years each time it occurs, 

according to all the references given in Table 1, with droughts of duration of less 

than five years not considered. The River Nile droughts are revealed to be more 

tied to the droughts in the entire Nile valley (regional) and not only in the Egyptian 

territory (local). It appears from Table 1 that the River Nile drought has a 70-year 

cycle that can be regarded as a periodic cycle, affecting it from BC up until the 

1980s. The verified Nile drought cycle has a difference of 70 years, even across 

very long epochs.  
 

Table 1. Different Years of the River Nile Drought Based on Historical Data 
Difference 

(in years) 
Year Reference 

2800=40*7

0 
1590 B.C. 

http://www.aawsat.com/leader.asp?section=3&article=537284&iss

ueno=11258 

490=7*70 1210 El-Fandy et al. (1994) 

210=3*70 1700 El-Fandy et al. (1994) 

70=1*70 1910 Flohn (1975) and El-Fandy et al. (1994) 

 1980 
El-Baz (1986 and 1989), El-Fandy et al. (1994), Gad El-Rab (1994) 

and Flohn (1975)  
Source: Maiyza et al. (2011). 

 

http://www.aawsat.com/leader.asp?section=3&article=537284&issueno=11258
http://www.aawsat.com/leader.asp?section=3&article=537284&issueno=11258
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Moreover, according to the estimates of Maiyza et al. (2011) using the 

quadratic trend-line approach, it has been possible to predict that the warm phase 

of the climate cycle during the research time (1948-2010) would finish by 2016 

and be replaced by a new cold phase. Verification of the veracity of these results 

and conclusions has begun to be felt by people through the severely cold winters 

hitting the Egyptian territories. The cyclic behaviour of variations of the wind 

pattern over the southeastern Mediterranean basin was examined by El-Geziry et 

al. (2013a) throughout the period 1956-1990. The cycle in the catch of different 

species matches the cycle in the behaviour of anomalies in air temperature, 

salinity, and SST that have been previously studied in the vicinity of the 

southeastern Mediterranean Sea (El-Geziry et al. 2013b). Their results also 

proposed the 70-year cycle to dominate the cycles of catch as in other regions 

worldwide. The general behaviour of the mean annual salinity anomaly (1948-

2012) for the Intermediate and Deep Levantine waters exhibits the same tendency 

of cyclic changes deduced for the surface layer, although with varying magnitude 

and occurrence patterns (El-Geziry et al. 2019). This is explained by the fact that 

these two water masses share a Mediterranean wintertime origin (Wüst 1961). For 

the deep Levantine water, the trend is only fully realized quite close to the area 

where this water mass was formed (Wüst 1961, Maiyza 1984, El-Geziry et al. 

2019). In the southerneastern Mediterranean region, the general behaviour of the 

mean annual temperature anomaly at all levels—subsurface, intermediate, and 

deep—showed the same trend for the surface layer, although with varying 

intensities and recurrence times (El-Geziry et al. 2021). The late winter vertical 

convection on the extremely cold and saltier water column with transparency (30 

m) in this area can be responsible for this. Throughout the water column, at all 

examine levels, and even near the location where the deep Levantine water mass 

was formed, the trend of "cyclic" parabolic behaviour is evident. 

Ocean heat content is a crucial indicator of the shift in the Earth's radiative 

balance because 80% of the additional heat caused by anthropogenic warming 

now dwells in the ocean (Levitus et al. 2005). It also significantly contributes to 

the rise in sea level through thermal expansion (Domingues et al. 2008). Factually, 

Levitus et al. (2000) was the first to speak about the interannual-to-decadal 

variability of the ocean heat content. Since then, periodical updates and more 

investigations have been released. The observed temperature and salinity trends 

over the previous 30 years, as reported in Levitus et al. (2005), have substantially 

reversed since the mid-1990s in line with the North Atlantic Ocean (NAO) 

changing phase. This reflects a sign of a cyclic behaviour of variation. As it allows 

for the elimination of diurnal (full) and to a lesser extent monthly effects on the 

examined thermal behaviour, the heat content can be thought of as a more accurate 

component to measure the probable thermal cyclic behaviour within a specific 

basin. 

The present work is on the same track of investigating the long-term cyclic 

behaviour of physical properties in the southeastern Mediterranean basin; 

considering the heat storage as a parameter of interest. The work aims to: (1) 

provide the best fit model of heat storage anomaly changes; and (2) investigate any 

cyclic behaviour of change over a considerable span. 
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Data and Methods of Analysis 

 

The current area of investigation is located in the southeasterrn Mediterranean 

Sea, southern Levantine border, off the coast of Egypt (Figure 1). Latitudinally, 

this region stretches from the Mediterranean coast of Egypt to 33° N, while 

longitudinally, it stretches from 25° E to the Asian shore. 

 

Figure 1. The Eastern Mediterranean Basin with Area of Investigation Shaded 

 
Source: Authors by using Surfer16® Software. 

 

Figure 2. The 300 m Mean Annual Heat Storage Anomaly Calculated Based on 

the Hydrographic Data Availability over the Period 1892-2021 

 
Source: Authors. 
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The hydrographic data (temperature and salinity) were scattered over the 

period 1889-2021 (Figure 2). The data files came from the Egyptian National 

Oceanographic Data Centre (ENODC), the World Data Centers (WDC) A and B 

(Washington and Moscow, respectively), and the Russian cruises through the 

Physical Oceanography of Eastern Mediterranean (POEM) project. However, 

because of the scarcity of data over the period 1892-1964, calculations of the mean 

annual heat storage anomaly in the present work were mainly based on the period 

1965-2021 of continuous records. 

The monthly heat storage was considered for the upper 300 m depth, known 

to comprise the surface, subsurface and upper level of the intermediate water 

masses in the eastern Mediterranean Basin (Maiyza 1993). The integrated monthly 

heat storage was calculated using the following equation: 

 

            (1) 

 

Where, 

 is the monthly heat storage (Jm
-2

) 

ρ is the mean seawater density (kgm
-3

) 

Cp is the mean specific heat capacity (Jkg
-1

C
-1

) 

T is the mean seawater temperature (°C) 

 

The specific heat capacity was calculated using the following equation 

(Korne 1972): 

      (2) 

  

The integrated monthly heat storage anomaly was calculated as: 

 

        (3) 

 

Where, 

Δh is the mean monthly heat storage anomaly (Jm
-2

) 

h is the calculated monthly heat storage using Eq. (1) 

hm is the climatologic heat storage over a specific month (Jm
-2

). 

 

Using the entire set of available monthly event in every year over the period 

1965-2021, the mean annual heat storage anomaly (ΔH; Jm
-2

), which is the mean 

monthly heat storage over a specific year, was calculated, using the following 

equation: 

 

           (4) 
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Where n is the number of events 

 

The best fitted representational models of the mean annual heat storage 

anomaly have been investigated using time series analysis using the ordinary least 

squares approach. Based on the highest determination coefficient (R
2
) value and 

the lowest standard error of its estimation for the model, the represented models 

have been chosen. Using the SPSS® software, the significance of regression 

coefficients and the entire model were evaluated in accordance with the results of 

the t- and the F- tests. The models represent mean annual heat storage anomalies 

as dependent variables (Y300) and the time (t) as an independent variable. 

 

 

Results and Discussion 

 

The minimum mean annual heat storage anomaly of the 300 m layer ranged 

from -9.0E9 Jm
-2

 (1992) to +0.84E9 Jm
-2

 (1994), with an overall mean of -

0.016E9 Jm
-2

 during the period (1965-2021). +0.43E9 Jm
-2

 was the standard 

deviation from the mean. Figure 3 depicts the mean annual heat storage anomaly 

during the specified period (1965-2021). The following cubic equation provides 

the best fit model to represent variability in the present mean annual heat storage 

anomaly dataset: 

 

Y300 = – 38205.47 t
3
 + 3707343 t

2
 – 9E7 t + 4.3E8 

 

The R
2
 coefficient of the model was 0.21, with a standard error of the 

estimates of +0.4E9 Jm
-2

. 

According to this best-fit model, the minimum mean annual heat storage 

anomaly occurred in 1980 and the maximum was in 2015. This reveals a 70-year 

cycle of variation in the heat storage of the upper 300 m in the southeastern 

Mediterranean basin. This result confirms the conclusion of Maiyza et al. (2011) 

that the anticipated warm part of climate cycle in the southeastern Mediterranean 

region would end by the 2016 to start a cold cycle part. It also coincides with the 

70-year cycle in the southeastern Mediterranean catch concluded by El-Geziry et 

al. (2013b), which, itself, was in agreement with the cyclic behaviour concluded 

for the hydrographical (Maiyza and Kamel 2009, 2010, Maiyza et al. 2010) and 

air-temperature conditions (Maiyza et al. 2011) affecting the area of investigation. 

The present result comes also in agreement with the conclusion of Levitus et al. 

(2005) that the observed temperature and salinity trends have substantially 

reversed since the mid-1990s in line with the North Atlantic Ocean (NAO) 

changing phase. Iona et al. (2018) concluded a 40-year cycle of fluctuation in the 

heat content of the whole Mediterranean basin during the period 1950-2015; 

following the Atlantic Multidecadal Oscillation climate cycle. They distinguished 

three intervals of change in the Mediterranean heat content: a decrease from 1960 

to 1980, followed by a stable content from 1980 to 1990, followed by an increase 

from 1990 to 2015.  
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Figure 3. The 300 m Mean Annual Heat Storage Anomaly for the Specified Period 

1965-2021 with the Best Fit Model Shown in Black Line 

 
Source: Authors. 

 

Based on the present results, the perspective of future work is highly 

recommended to involve the examination of the relationship between the values of 

the inversion periods and the occurrence of extreme events of floods and heat 

waves, forest fires, drought and flooding of lakes and rivers. 

 

 

Conclusion 

 

To conclude, the 70-year cycle of variation in the hydrographic conditions in 

the southeastern Mediterranean region is confirmed in the present work, taking the 

heat storage parameter as examined parameter. Heat storage is said to be a more 

accurate component to measure the probable thermal cyclic behaviour within a 

specific basin; as it allows for the elimination of diurnal (full) and to a lesser extent 

monthly effects on the examined thermal behaviour.  
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Some New Properties of Cyclotomic Cliques 

Arrangements 
 

By Philippe Ryckelynck

 & Laurent Smoch


 

 
In this paper, we study the arrangement of lines in the euclidean plane 

constructed from the geometric clique graph generated by the regular  -gon. 

The vertices of this clique arrangement are located on finite concentric circles 

that we call orbits. We focus especially on the number of orbits and the number 

of vertices inside and outside the regular -gon. Combinatorics in finite sets of 

quadruplets of integers provide information on the way the orbits are 

distributed. Next, using cyclotomic fields, we give galoisian properties of the 

radii of the orbits and their cardinalities. 

 

Keywords: arrangement of lines in the plane, cyclotomic fields, geometric 

graphs, Galois theory 
 

 

Introduction, Notation and Historical Notice 
 

Let  be an integer and let  be the regular -gon with vertices 

, where  and . If  are four 

conveniently chosen indices then the two straight-lines  and  defined 

respectively by the two couples  and  are secant and we denote 

 as their intersection point. Let  the geometric graph which consists of 

the union of  together with the sets of straight lines  and intersection points 

. We partition  in three sets as follows , by 

defining respectively  and  if and only if  and . The 

arrangement of lines in the plane which consists of the various straight lines , 

passing through the points  and  for all indices  may be referred as the 

clique arrangement constructed from . 

The aim of this paper is to state that all the intersection points  are 

located on circular orbits centered at the origin, but also to characterize the radii of 

these orbits and to describe accurately their distribution. We will denote by  

and  the respective numbers of exterior and interior orbits of the arrangement 

. We set  which stands for the total number of orbits. 

Likewise, we will denote by  and  the respective cardinalities of the two 

sets  and .  

Let  be the whole number of intersection points.  
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Table 1. Number of Intersection Points or Vertices of the clique  

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 3 5 15 37 91 145 333 471 891 901 1963 2185 … 

 

The sequence  is referred as A146212 in Sloane’s (2023) OEIS. For 

odd , it has been noted that  (see OEIS). We 

shall prove in Section 3 that these values , which are not provided from a closed 

formula, may be however upper-bounded using inequalities on number lines by 

the sequence which starts as follows 

 

Table 2. Upper Bounds for Intersection Points of the clique  

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 3 5 15 39 91 182 333 560 891 1347 1963 2765 … 

 

Let us mention first that OEIS does not report this sequence, second that the 

upperbound is optimal for  even and at last, that the construction of the sequence 

 is provided by a closed formula independent with respect to the parity of . 

 

Figure 1. The Cyclotomic Clique Arrangement for  Together with its Circular 

Orbits 

 
Many researchers have been interested in describing and enumerating 

intersection points and polygons generated from an arrangement of lines and in 

particular from the diagonals of a regular -gon. We may cite of course the results 

obtained by Bol (1936), Steinhaus (1958, 1983), Harborth (1969a,
 
b), Tripp (1975), 

Rigby (1980) and especially those presented by Poonen and Rubinstein (1998), 

who were the first to provide two remarkable formulas for the number of interior 

intersection points made by the diagonals of a regular -gon and the associated 
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number of regions. Let us mention that the two authors provide also a brief but 

very interesting historical notice on the subject. 

As an alternative of the formulas of Theorems 1 and 2 in Ryckelynck and 

Smoch (2023) related respectively to the number of interior points  and the 

number of regions, one may devise two friendly written algorithms yielding those 

numbers. It is remarkable that the final outputs of these algorithms are 

polynomials on each residue class modulo 2520. Here are the first values of   

 

Table 3. Sequence ( ) A006561 in OEIS 

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 0 1 5 13 35 49 126 161 330 301 715 757 … 

 

By substracting these values to the total number points of the graph and the 

points on the unit circle, i.e., by calculating , we get the 

sequence of exterior points numbers of the cliques arrangements 

 

Table 4. Sequence ( A146213 in OEIS 

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 
0 0 5 18 49 88 198 300 550 588 1235 1414 … 

 

This sequence is defined, for  odd given only, through the formula 

. The authors also compute the number of 

regions formed by the diagonals, by using Euler’s formula .  

In the recent paper (Ryckelynck and Smoch 2023), we got interest in 

cyclotomic arrangements of lines in the plane. We initiated a new approach to the 

problem of enumerating convex connected components (known as chambers), 

depending on their shapes and their compacity. We presented, in an analogous 

problem, the description of each chamber of the boundification of the space 

defined as the complement of an arrangement of lines associated to the regular -

gon. Symmetry, circular orbits, goniometric functions are the core of this paper. 

Nevertheless, the whole program of work given in this work was too much 

difficult to replicate in the case of the clique arrangement  of the present paper, 

and we take as an objective to explain the way the intersection points are in fact 

―regularly‖ distributed along some concentric circles. 

Let us present the notation used throughout this paper. First,  denotes the 

cardinality of some finite set ,  denotes the range of the mapping 

. As usual, if  then  denotes the greatest integer function. Let 

us use the abbreviation  for convenient integer indices  and . 

Although we may use indices modulo , we impose instead the inequalities 

 over all subsequent indices.  
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Next,  denotes as usual the Euler’s totient function. Let  be a 

-th primitive root of unity so that , and let  be the cyclotomic field 

generated by . 

For various integers , such that  is not a multiple of  we 

set 

 
When  and , we set 

 
Let us consider the following finite set . The numbers in  

are nothing but the squares of the radii of the orbits containing the vertices of . 

We have . Defining  shall allow to characterize the 

numbers  and  since 

 and . 

The rest of this paper is organized as follows. Next section presents some 

properties of the geometric graph associated to the clique while the section after 

focuses mainly on the mappings  and  which give the radii of the circles on 

which lie the intersection points of the graph . The next section is devoted to 

combinatorics inside the domain of  consisting in quadruplets  of 

integers constrained by some specific inequalities. Afterwards, we use galoisian 

properties of  in order to highlight the number of orbits associated to  

and the numbers of vertices lying on those orbits. In the end, we conclude with 

open problems. 

 

 

The Geometric Graph Associated to the Clique Arrangement 

 

In this section, we determine the coordinates of the intersection points of the 

clique arrangement  as well as the modulii of these points. Next, we deal with 

symmetries and multiplicities. To define properly the vertices , we may 

assume that . 

Lemma 1. We have . 

Proof. The implication  is obvious. The converse implication relies on the 

following property resulting from a convexity argument: no three distinct vertices 

,  and  of the regular -gon are aligned. □ 

The intersection points  are divided into two classes, depending on whether 

or not the indices  and  are equal to  or equivalently whether or not 
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 and  are vertical straight lines. Let us mention that when the integers 

 are chosen in such a way that  then the two straight-

lines  and  are parallel and disjoint and consequeltly, no intersection 

point occurs. The first class of intersection points is described as follows. 

 

Lemma 2. We suppose that  are three distinct integers. The parallax 

of the angular segment in the unit disk limited by O and the vertices  and , 

seen from is equal to  . The 

cartesian coordinates of the intersection point  are equal to 

   

while  

Proof. Straightforward computations provide the equation of the straight line  

passing through  and  (  and ) 

 
Solving the system of equations for  and  yields the cartesian coordinates 

of . Squaring and adding these coordinates gives the formula for the square 

of the modulus. □ 

The second class of intersection points consists in the points  where  or 

 is equal to . 

Lemma 3. Let us choose integers  such that  and . 

Then the cartesian coordinates of the intersection point  are equal to 

 

while . In the case where the integers  are such that 

 and , ,  and  are obtained by replacing 

the quadruplet  by . 

The proof is similar to the previous one by considering that this time  (or ) 

is a vertical straight line. 

Let us recall by the way that, given two straight lines with slopes , the angle 

 between these lines verifies the relationship . The slopes of  

and  are given by  and , and we have 
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using the addition formula for cotangent. Hence, . This 

angle is the analog of the parallax in astronomy since it subtends any chord from 

 or  to  or . □ 

The upper bound for the number of intersection points  given in the 

introduction is nothing else than 

 

 
These various inequalities and constraints forbid the intersection points to be 

over-counted. 

Let us introduce the rotation  with center at origin and angle  defined as 

 in the plane . Obviously, one has , 

 and  for all  and all . 

We see also that  and that the vertex  transforms as 

follows 

 
As a consequence, 

 
More generally,  for all . 

In addition, symmetry considerations provide the following results 

 
The central symmetry holds only for even  and is contained in the following 

formula. 

 
So, according to rotations, we see that each orbit contains a multiple of  

points. Let us arrange the orbits  of  by increasing values of radius. 

For each , the number of vertices of  is a multiple  of . So we get 

 

 
We give below, for , for the sake of conciseness, the cardinalities 

of the orbits of . To be cautious about the parity of , we introduce the 

sequence  of lengths  as follows 
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In order to locate the -gon , we underline its cardinality. 

• (1,8,8,8,16,8,8,8,16,16,8,8,16,16), 

• (9,9,9,18,9,18,9,18,18,9,9 ,9,9,18,9,18,18,9,18,18,18,9,18,9,9), 

•  (1,10,10,10,10,20,10,20,10,10,20,20,10, 

10,10,20,20,10,20,20,10,20,10,20,20,20,10,20,10,20,20,20). 

Proposition 1. For any integer , the sequences 

 
are increasing. 

Proof. Indeed, for any integer , if  is a vertex of  then this point 

coincides with the vertex  of . Moreover, the inclusion keeps the 

various properties of ―being inside‖ or ―being outside‖ the unit-circle. Similarly, 

each straight line  of  coincides with the straight line  of . So 

the sets of vertices and of edges of  are included in the respective sets of 

vertices and of edges of . □ 

In the following table we give for , the values of cardinalities 

, and the numbers of various orbits . 

 

Table 5. Numbers of Intersection Points and Orbits 

       
3 3 0 0 1 0 0 

4 5 0 1 2 0 1 

5 15 5 5 3 1 1 

6 37 18 13 6 2 3 

7 91 49 35 10 5 4 

8 145 88 49 14 7 6 

9 333 198 126 25 14 10 

10 471 300 161 32 18 13 

 

Table 5 illustrates both Proposition 1 and previous formulas. 

 

 

Elementary Properties of the Radius Mappings  and  

 

In this section,  denote indices lying in  and such that 

. We have two formulas expressing symmetry by change of pairs 

of lines, , . We notice that, 

for any index , we have the obvious relations 

 
and 
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These relations mean that the functions  and  are in a sense invariant by 

rotations. So one may assume  without loss of generality when studying those 

mappings. Using Lemmas 1 to 3, we get the identity 

 
The following property results from the examination of the explicit formulas given 

in previous section. 

Lemma 4. Let  such that the vertex  exists. Then the four numbers 

belong to 

the cyclotomic field . 

We emphasize on the fact that all the points  of the starting regular -gon 

are in the cyclotomic field , but however, the intersection points 

 lie in a larger field . 

When this is possible, in compliance with Galois’s theorem, we may give 

explicit algebraic values of squared radii of orbits , which is 

done hereafter. Although  being sets, we have sorted the values by increasing 

order. One has for instance , ,  

and by using old-school algebra, we see that  contains 

 

 
For the sake of conciseness, the list has been volontarily shorten up but all the 

values do have explicit expressions. The method of Archimedes allows to compute 

explicitly and algebraically each radii of each set  starting with . 

For  example  is equal to 

 

 
But the formulas, although being known explicitly, become of a large 

complexity mainly due to Viète’s formula. 

Lemma 5. Let  be of modulus one, then  for some integer , 

and conversely. 

See the book by Washington (1997) for the proof. □ 

Lemma 6. We have  if and only if  or 

. 

Proof. If a quadruplet is such that  with  and , it must 

be of the shape  or  or  or . Without loss of 

generality, we may suppose that  and that . Up to a change of 
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notation, the value of the function  for all four preceeding quadruplets is equal to 

1 in view of the equation 

 
Let us suppose that . We show that the requirement  (or ) is 

equal to 1 is contradictory. Indeed, by using Lemma 4, if  (or ) is equal to 1, 

the point  in  has modulus equal to 1, so it is a root of unity, i.e. 

 for some index . So the index  is repeated twice 

which induces the contradiction. □ 

From now on in this section, we assume that . 

Proposition 2. Let us suppose that , difference that we denote  

and let us denote . Then 

 

If  is such a value, so is . Lastly, the number of these values is . 

Proof. The explicit computation of  relies on the duplication formulas for sine 

and cosine. Since , the equality  does not occur; indeed, 

otherwise . So the value of  may not be equal to .  

Let  with . Since we have ,  

must be even. Now, 

 
 

where the indices  are chosen so that 

 
We get , , . These integers are all four 

distinct and satisfy the hypothesis of the lemma, i.e. . Lastly, the 

number of those values is equal to  since, we choose arbitrarily the 

integer  in  and next an integer  distinct of . □ 

 

 

The Combinatorics of Quadruplets of Indices of Intersection Points 

 

We denote  the set of quadruplets of integers , 

 with , . Hence  is in bijection with the set of 

pairs of well-defined lines  being parallel or concurrent through some 
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vertex of . The commutative group  acts transitively on  as 

follows: if  is in this group, then 

 and 

. 

The group  acts as the identity on the set of vertices of the arrangement while 

 acts as the rotation group on this set of vertices. 

Lemma 7. The direct image of  is included in the direct image of  while being 

distinct. 

Proof. Let  then there exist  with  such that 

. We choose any integer  such that  

and . In view of the properties of , we have also 

, the indices 

characterizing the quadruplet avoiding the case of vertical straight lines as 

explained in a previous section. So .  

Conversely, let  and let us show that  except in the case when 

 is even and  and  are odd.  

In the three opposite cases, we may choose an integer  so that the quadruplet 

 satisfies either  or 

. Indeed,  with  and 

. We choose  or  and we 

have  

with at least one of the two conditions  or  . Let 

us consider now the fourth remaining case, that is to say the case when  is even 

and  and  are odd. No transformation of the group , 

except the identity, preserves  the value and 

accordingly the radius  cannot be sent to a radius of 

the shape . □ 

We may synthetize the proof by saying that, without changing the value of 

 or , one may apply a transformation 

, so either to remove the condition 

 or to impose it. 

Let  denote the subset of quadruplets such that . 

Orbits of  are either contained in  or in . In each orbit contained 

in , one may find a representative such that  and  and  

and . This allows us to define the set  of quadruplets  verifying 

. 

Now, the orbits contained in  are identified with the set of admissible 

intersection points , and of points that do not exist due to parallelism, 
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since some of these quadruplets fail to define properly any intersection point 

because the underlying straight-lines  are parallel.  

Let us denote  the subset of  of which the elements are  

satisfying . This implies that  exists, since in that case 

the parallax  is not flat nor equal to zero. When  

the value of  is less than , and thus the condition 

 is equivalent to . 

We define  , and , both summands  counting 

the vertices of . In this section we will give explicit formulas for these two 

integer sequences. Note that the conditions in  are not necessary nor sufficient 

to define properly , because the action of the group  does not 

preserve these conditions, although it leaves invariant intersection points.  

However, the conditions in  allow a crude estimation of the sequence  

since we have: 

Proposition 3. One has  , 

 and . 

Proof. We first compute the cardinality of the set . To do this, we split the 

cardinality as a sum of two triple sums of characteristic functions as follows 

 
the triple sum being distributed over the characteristic functions and where we 

have set 

 
 

Internal sums are easily computed:  

 

 and 

.  

So we obtain 

 

 
Once again we compute internal sums, say  and , 
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,  

 . 

We find that they are equal respectively to 

 
Now, adding those expressions to rule out the sum  

leads easily to . 

The adaptation of these calculations to compute  leads to intractable 

computations depending on the parity of  and we choose instead a distinct 

approach. To do this, we observe that the positive integers 

 enumerate admissible quadruplets  in  

for which the straight-lines  and  are parallel. 

Let us consider the clique  associated to  with vertices set 

. This is a geometric graph that we may convert in a 

digraph, i.e. a directed graph, in  ways. Let us choose some orientation 

among them, giving rise to a transitive tournament. Let  be the 

1-to-1 mapping sending each vertex  to its rank  in a complete 

tournament on the vertices, so that an edge  appears if and only if 

.  

We consider a regular -gon with  vertices, being pairs , 

with indices . 

Let  be this set of pairs . A choice of the mapping  corresponds 

to an unambiguously defined mapping  given by 

. In order to define a tournament on the set , 

we must exclude inconsistent quadruplets , for which 

. So, inconsistent triplets, for which , 

must be removed. This being, an ordering may be chosen on the vertices set, by 

setting  when . This sequence corresponds 

to the number of binary strings of length  with exactly one pair of adjacent 

’s and exactly two pairs of adjacent ’s, and constitutes the entry A080838 in 

Sloane (2023). It results therefore that the number of inconsistent quadruplets is 

equal to . With this preparation, one has 

the proof being nothing but 

substracting  from  computed earlier. 
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It remains to prove that . We recast Lemma 6 as follows: Let 

 so that , , . 

Then 

 
Indeed, under the assumptions of Lemma 6, the intersection point  exists. 

The equivalences between the three first statements are a consequence of Lemma 

6 together with its proof while the equivalence between the fourth and the first 

statements is easy. Now,  is an upper bound of  in view of the 

contraposition. Adding the  points located on  we obtain the upper bound 

mentioned in the proposition. This ends the proof of the Proposition. □ 

The sequence  begins as follows 

 

Table 6. Upper-bound for Number of Intersection Points 

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 3 7 20 51 112 218 387 640 1001 1497 2158 3017 … 

 

The numbers of lost points of intersection regarding to parallel straight lines 

 and  begins as 

 

Table 7. Upper-bound for Number of Lost Points due to Parallelism 

 3 4 5 6 7 8 9 10 11 12 13 14 … 

 0 2 5 12 21 36 54 80 110 150 195 252 … 

 

These tables allow to recover the tables given in the introduction. When we 

divide the numbers  (except the very first one) by the number  of 

points in , one obtains a new interesting sequence of integers, namely 

0, 0, 1, 2, 3, 4, 6, 8, 10, 12, 15, 18, 21, 24, 28,… 

This last sequence is made of successive blocks of four increasing integers in 

arithmetic progression , with a ratio  belonging itself 

to the arithmetic progression made by the integers  while the starting point  of 

each quadruplet belongs to a sequence of shifted triangular numbers. 

 

Let us discuss now the multiplicities and the directions of parallelism of the clique 

arrangement. We refer to the works of Wetzel (1978) and Ryckelynck and Smoch 

(2023) for the background and definitions. 

 

Proposition 4. 

1.  The multiplicity of the origin is 0 if  is odd and  if  is even. 

2.  The number of quadruplets  such that  is 0 if  is 

odd and  if  is even. 

3.  The multiplicity of  is . 

4.  The number of quadruplets  such that  is . 
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5.  The number of directions for which more than one parallel occurs is equal to 

. 

6.  The number of quadruplets  such that the lines  and  

are parallel is equal to . 

 

Proof. 

1. The multiplicity of the origin is the number of couples of straight lines 

 with . But when  is odd, if  for some 

index  then  since . 

When  is even, all the  straight lines  are concurrent through the 

origin. 

2. The number of quadruplets  such that , i.e. such that  

and  (respectively  and ) are symmetric with respect to the origin, is the 

number of quadruplets of the shape , with  

whence the formula. 

3. For all , the  straight-lines  are concurrent 

through the point . 

4. The quadruplets we are looking for are congruent modulo  to 

quadruplets of the shape  where  and ,  

whence the result. 

5. Let us fix an integer . All quadruplets of the shape  

are such that the straight lines  and . Let us consider the two 

mid-points  and . The line passing through 

these mid-points is the bisection of the segments  and  

and thus is perpendicular to these segments. So the lines supporting them are 

parallel. 

6. Since we have  and , the result holds. 

□ 

 

 

The Galoisian Properties of the Values of Squared Moduli  

 

The cyclotomic field  is a galoisian extension of the rationals  of 

degree  with ring of integers  and with Galois’s group  of 

which the operation on  is done through exponentiation . We denote 

as usual by  the cyclotomic polynomial of index  and degree , 

which is the minimal polynomial of  and whose roots are all primitive roots of 

unity. 
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In this section we give formulas for  and  in the field 

. In other words we concentrate on formulas such as those given in the 

following result: 

Proposition 5. For all integers  there exists a smaller integer  such that 

for all , one may find a vector of integers  such that one has 

the formula . 

Proof. Let us fix  and put . For all , we have 

. So, 

.  

Hence if  , and if we set , , , 

(with  an even positive integer) we get 

  

and so  is equal to 

 
 

This is the evaluation at  of the rational function  where we have set 

 

, and 

.  

Let us fix   and let us denote  the positive integers 

 
We noting that  is even. We introduce integers  and a 

common denominator  (all these integers being at the time indetermined) and 

we define the polynomial with rational coefficients 

 
With  being fixed, let us show how to characterize in a unique way the 

sequence  so that the two polynomials  

, 

and , are congruent modulo the ideal 

generated in the Laurent algebra of rational functions  by the cyclotomic 

polynomial . 
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To obtain a matricial system for the vector , we compute the remainder of 

the euclidean division of the numerator of  by the cyclotomic 

polynomial , and require vanishing of all its coefficients. This 

determines uniquely the coefficients . Now, the computation of  is 

nothing but searching the g.c.d. of all denominators of all characteristic vectors. □ 

 

The following corollary gives an application to Chebyshev polynomials of the first 

kind. 

Proposition 6. For any integer  and  with  even, if  

is defined as in Proposition 5, the polynomial 

 
 

is a multiple of the cyclotomic polynomial . 

 

Proof. Let us choose any quadruplet  such that Proposition 5 holds. This 

is possible since  is even. Since we have  for any 

integer  and any real  , we get 

 

where . 

The rational fraction  and 

the polynomial  agree at the point  in view of 

the previous proposition. So the polynomial in the claim is a multiple of the 

minimal polynomial of . □ 

Remark 1. To compute the lattice vectors , one may devise the following 

algorithm. First, obtain g.c.d. between the numerator and the denominator of the 

fraction occuring in Proposition 6, next write the long division of this fraction, and 

at last, write a Bezout identity involving Chebyshev and cyclotomic polynomials. 

In this respect, we may refer to the work of Rayes et al. (2005) for properties like 

Bezout identities, resultants, g.c.d., for the family of polynomials . 

Nevertheless, the extension of those results to the required family of polynomials 

used in the previous procedure is very complicated to handle. 

We continue this section with the study of the action of the Galois’s group of 

 on the sets  and . If  is an automorphism of  then there 

exists an integer  prime to  such that one has  and conversely. 

Thus we have an isomorphism of groups  and we get  
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for all integer . The following proposition is intended to transfer the action 

of the Galois group on the field to an action on the sets of admissible quadruplets. 

 

Proposition 7. The Galois group  of  acts faithfully on  as 

follows. Let  and  then 

 modulo  with 

 

 
Each transformation  preserves  and . The orbits under the action of the 

Galois group have cardinalities divisors of . The conjugates of values of  

(resp. ) are themselves values of  (resp. ). The mappings  and  are 

contravariant with respect to these actions, i.e.,  for all 

. The Galois group acts as permutation group on the set of lattice 

vectors of radii cyclotomic representations. 

Proof. First, we prove that the equations given in Proposition 7 determines 

without any ambiguity the quadruplet . If we replace congruence modulo 

 by stricto sensu equalities, and if we use the triplet , the transformation 

becomes , ,  with  even. In 

this way, we obtain the solution as 

 
modulo . Obviously,  preserves by definition the set  and 

since when  mod , we have also  mod , we see also that  

preserves also  in view of Gauss lemma. The formulas of Proposition 7 give 

rise to an equivalence relation since reflexivity occurs by choosing , 

symmetry holds by using  such that , and transitivity holds 

with  which is prime to . By Lagrange’s theorem on finite groups, 

each equivalence class has cardinality being a divisor of the order of  

which is . The previous formulas show that orbits have maximal 

cardinalities  when ,  and  are prime to  . 

Let  to which we associate an automorphism  in the Galois 

group. For any quadruplet  we may compute the conjugate 

 as follows. Let us introduce the three integers 

, , , 

and the two polynomials: 

 

 
Then one obtains 

 
Expanding numerator and denominator shows that 
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where the quadruplet  is given by equations in Proposition 7. Now we 

deal with lattice vectors of radii cyclotomic representations. If 

, we obtain . 

This implies that the lattice vectors of  and  are permuted vectors in 

. The remainder of the proof is straightforward. □ 

Proposition 8. The number of orbits with rational value of  is at least 

equal to the remainder of euclidean division of  by . 

Proof. Let us recall that the field  is a galoisian extension of , and, for 

any ,  generates  so  has no fixed point except rational 

numbers. Otherwise, the subfield of invariant of  won’t be equal to , contrarily 

to Galois’s theorem. So, for any ,  is irrational if and 

only if the equivalence class of  modulo the Galois’s group has 

cardinality , or, translated in the action of  over , the quadruplet 

 spans an orbit of cardinality . Similarly, rational values of 

 give rise to distinct equivalence class in  modulo  with 

cardinality 1. So, if  (respectively ) denotes the number of rational 

(respectively irrational, with surds) values of , one has 

. This implies our statement. □ 

Now, we conclude with concrete situations giving rise to explicit cyclotomic 

representations of the square radii. For the sake of brevity, we give only three 

examples, for  equal to 7, 8, 9. 

Example 1. Let us consider the case  where  and 

. Let   be a primitive root of 

unity of order 14, satisfying . Consider for instance the radius 

6.493959. 

Then the equations for the sequence  are 

, , ,  

, ,  

. 

Solving we find what we call the characteristic vector  of the 

radius , and in this case it is precisely . More generally, 

computing with Maple, we obtain  and the following representations of the 

various squares of radii starting with . Then we list them by increasing 

height, that is to say by increasing sum of absolute values of the coefficients of the 

representation. The height is a good and simple test to recognize that algebraic 

values are conjugates since in that case we deal with two vectors  cyclically 

permuted and thus of same height.  
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For the following pairs of square of radii, we see that the components share the 

same integer vector  and so are congruent by the automorphism 

, with , , , with 

height 8. Of height 9 is . Of height 10 are 

 and , but they 

are not conjugates for the vectors  are not cyclically permuted. Of height 15 

is . Of height 20 now is 

. The sequence ends with two squares of raddi 

with height 24, , and with height 29, 

. 

Example 2. Now we deal with the case  where  and 

. Let  be a primitive root of unity of order 18, 

satisfying . Computing with Maple, we obtain  and we may 

obtain the cyclotomic representations of the all squares of radii each multiplied by 

12. Then we see that the distribution of orbits is as follows. First we get seven 

isolated such circles, with rational values of square of radii and of increasing 

heights from 12 to 54 with orbits having each 9 vertices. Six of these orbits are 

inside the regular nonagon . For heights greater than , we obtain six further 

orbits. First of them, is of height 20 the radius , is of height 24 

the radius , is of height 32 the radius of an internal orbit 

given by , is of height 36 the radius 

 is of height 48 the radius , 

and lastly, is of height 54 the radius . It is quite 

interesting to note that the radius of the six external orbits are increasing w.r.t. 

ordinary ordering. Next come two internal orbits with conjugate and distinct radii 

,  of height 60, and then 

three other such conjugate external orbits with squared radii having lattice vectors 

defined by 

, , , 

all having height 108. At last, we find thirteen other values, that we may list by 

increasing value of the height 120, 168, 192, 264, 264, 300, 303, 366, 408, 768, 

852, 1020, 1164 of the square radii. Since heights are distinct, these 13 orbits are 

non conjugate, and thus all these quantitites are rational numbers. Among the 

orbits, six are internal, seven are external, and the ordering with numerical order is 

not respected. 

Example 3. The last example is given by  where  and 

. This example is far more complicated. Let  be a 

primitive root of unity of order 16, satisfying . We have . 

We do not here provide the whole list of the sixteen squares of radii, but instead a 

few comments. If these squared radii are each multiplied by 226, the height are 

increasing and form the sequence: 
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0, 113, 226, 452, 452, 678, 886, 886, 886, 904, 904, 1338, 1338, 1808, 1808, 

2658. 

In this way we obtain three sets of conjugate circles, one of cardinal 3 and two 

others of cardinal 2. When two vectors  appear and are obviously 

permutations one of the other, then these lattice vectors are conjugate through a 

galoisian morphism. This situation holds on six orbits forming three group of two 

orbits, defined help to the characteristic vectors  : 

, 

, 

. 

Orbits with cyclotomic vectors  where small changes of signs are 

done appear also by pairs and are not conjugate. This is the case of the three pairs 

 

 

 

 

 

 
and they constitute strange gifts of the computation. We note also that the height 

takes three times the value 886 without giving rise to three conjugate orbits, only 

two of them being conjugates. This being so, we may analyze in the case  

the geometry of this clique arrangement help to the explicit values: 

 

 
We observe in this case the appearance of radii of which some conjugates are 

removed. This is easily understood and arise because some orbits of  have non 

void intersections together with  and . 

Remark 2. Let  and let  be the 

maximal real subfield contained in the field  and generated by . The 

minimal polynomial  of  over the rationals has been explicitly 

computed by Lehmer (1933). For , it is a non-zero monic polynomial of 

degree  with integer coefficients. The preceeding formulas for 

, , , , in both cases of Lemma 1 and Lemma 2, 

show that all these quantities are algebraic numbers belonging to . As a 

consequence, they may be written under the form , for 

convenient and uniquely defined integers , depending on  and  

depending only on .  
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Since dealing with the non-monic polynomial  closely 

related to Lehmer’s polynomial is far from being easy, we do not take in account 

the reality of algebraic numbers. 
 

 

Open Problems 

 

In this section we conclude this work with some perspectives.  

We may compare the clique arrangement , to which this paper is devoted, 

and the cyclotomic arrangement , see Ryckelynck and Smoch (2003), since 

their construction relies on . But the analogy ends there since geometrical, 

topological and combinatorial properties of  are far more complicated. This 

being so, we suggest as a first open problem the enumeration of the polygonal 

compact or non-compact chambers of  together with the description as it 

has been done for . In our opinion, this problem is the main one. Even if 

Poonen and Rubinstein (1998) have provided formula for the number of regions 

included in the unit disk , they did not characterize their geometry nor than 

the number of regions outside the disk. 

 

Figure 2. Polar Representation of the Geometric Graph of the Clique for  

 
It is quite surprising that the chambers of the cyclotomic arrangement  are 

of simple shapes, triangles or quadrilaterals or pentagons, compact or non 

compact. Experimentation with matlab shows that polygonal compact chambers of 

 with 6, 7 or 8 sides appear for examples with n smaller than 13. We propose as 

a difficult problem to prove that any number k of sides is admissible, i.e., for each 

integer k, there exists an integer n such that  admits at least one polygonal 

chamber with k sides. 

Let us discuss one important step in the preceding program linked to the 

connectivity of the geometric graph . We must deal at first with the adjacency 

relation in the set of vertices in this geometric graph. If  and  denote 

two intersection points, let us consider their connectivity . The 

straight line joining these two intersection points must coincide necessarily with 

two of the four straight lines , ,  or  so we have for instance 



Vol. 10, No.4                      Ryckelynck & Smoch: Some New Properties of Cyclotomic… 

 

230 

. Next, the abscissas of  and  along to  must be 

close one to the other in the sense that no other abscissa of  lies between 

the two previous ones. 

Experimentations with  with , have led us to find explicit 

boolean adjacency matrices  of a shape, in a way, similar to the 

adjacency matrix that we presented in the case of . We propose as an open 

problem to find and prove such adjacency matrices. We suggest that the 

generation of  relies on a lexicographic ordering of the vertices using first 

increasing values of the radii and next, increasing values of the polar angle along 

the orbits. To obtain this lexicographic order, one must convert  in a lattice in 

the euclidean plane by using polar coordinates as depicted in the figure above. 

A third interesting problem concerns the computation of the multiplicities of 

the intersection points. To do that, one must solve pair of trigonometric equations 

 and and convert them into diophantine ones. This seems 

a very difficult problem. 
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Teaching Mathematics with Visuals  
 

By Gohar Marikyan

 

 
This article is about research done on the ways of using visuals in teaching 

introductory mathematics. Research showed that the use of visuals improves the 

learning of mathematics. However, more research is needed to explore which 

math concepts need to be addressed, how to choose visuals for that purpose, 

and how to incorporate them in teaching mathematics. The analysis shows that 

the effective use of correctly chosen visuals in teaching introductory mathematics 

positively impacts students’ attitudes toward mathematics, and enhances their 

learning, engagement, and motivation. 

 

Keywords: analytical thinking skills, instructional strategies with visuals, 

introductory mathematics, student engagement, and motivation 

 

 

Introduction 

 

The acquisition of analytical thinking skills is an essential component of 

learning introductory mathematics. However, many students struggle with this 

aspect of mathematics education, which can lead to negative attitudes toward the 

subject. One potential solution is the use of visuals to support the development of 

analytical thinking skills. Visuals have been found to be effective in promoting 

mathematical thinking, problem-solving, and reasoning skills. 

This article explores the use of visuals in developing students’ analytical 

thinking skills, by exploring how sticks and abacus can be effectively used in 

teaching arithmetic. The purpose of this study is to investigate the impact of using 

visuals in mathematics instruction on the development of analytical thinking skills. 

The article begins with a review of relevant literature, including theoretical 

frameworks and previous research on the use of visuals in education and their 

impact on analytical thinking skills development. 

The article concludes with thoughts, recommendations, and discussions for 

using visuals to support the development of analytical thinking skills. The 

significance of this study lies in its potential to inform instructional practices that 

promote student success in mathematics, especially in the development of 

analytical thinking skills. 

 
 

Previous Research on Visuals in Education 

 

In recent years, there has been increasing interest in the use of visuals to 

support learning in various subject areas. This interest is driven by the recognition 

that visuals can enhance students’ understanding, comprehension, and retention of 
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concepts, as well as their problem-solving and reasoning skills. 

Previous research has demonstrated the effectiveness of visuals in improving 

student learning outcomes in mathematics. For example, John Hattie's meta-

analysis of educational research studies found that the use of visuals had a 

moderate to large effect size on student achievement across all academic subjects. 

Hattie’s study, which analyzed data from over 800 meta-analyses, concluded that 

the use of visual aids such as diagrams, graphs, charts, and pictures can help 

students better understand complex concepts and retain information more 

effectively. Additionally, the study found that teachers who incorporate visual aids 

into their lessons can help students develop stronger critical thinking skills and 

improve their problem-solving abilities (Hattie 2009). 

Moyer-Packenham, Westenskow, and Jordan conducted a meta-analysis of 

the effects of visual representations on learning mathematics and found that visual 

representations had a positive effect on learning outcomes (Moyer-Packenham et 

al. 2016). Similarly, Suh, Moyer-Packenham, and Westenskow investigated the 

effects of visuals on problem-solving in elementary school mathematics and found 

that visuals improved students’ problem-solving skills (Suh et al. 2016). 

Theoretical frameworks, such as cognitive load theory, also support the use of 

visuals in mathematics instruction. Cognitive Load Theory (CLT) suggests that 

instructional materials should be designed in a way that reduces the cognitive load 

on learners’ working memory. The use of visuals in mathematics instruction is one 

way to achieve this goal, as visuals can help learners better understand and process 

mathematical concepts (Kalyuga 2009). This can help students to process information 

more effectively and efficiently, leading to improved learning outcomes. 

Other studies have investigated the impact of specific types of visuals on 

learning outcomes in mathematics education. For example, Tarmizi and Sweller 

(1988) found that the use of worked examples and diagrams improved learning 

outcomes in algebra. 

Overall, these studies suggest that the use of visuals can be an effective 

strategy for improving learning outcomes in mathematics education. By providing 

students with visual representations of mathematical concepts and relationships, 

visuals can help students to make sense of complex information and develop the 

analytical thinking skills necessary for success in mathematics and other academic 

disciplines. 

However, despite the potential benefits of using visuals in mathematics 

education, there is still a need for further research on the impact of visuals on 

analytical thinking development, especially in introductory mathematics students. 

This study seeks to address this gap in the literature by investigating the 

effectiveness of visuals in developing analytical thinking skills in mathematics 

education. 

 

 

Purpose of the Study 

 

The purpose of this study is to investigate the impact of using visuals in 

mathematics instruction on the development of analytical thinking skills in 
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students. The study seeks to answer the following research question: What is the 

impact of using visuals in mathematics instruction on the development of 

analytical thinking skills in students? 

The study aims to contribute to the understanding of how visuals can be used 

to support the development of analytical thinking skills in mathematics education. 

By investigating the impact of visuals on analytical thinking skills development, 

the study seeks to provide insights into instructional practices that promote student 

success in mathematics, especially in the development of analytical thinking skills. 

 

 

Significance of the Study 

 

The significance of this study lies in its potential to inform instructional 

practices that promote student success in mathematics, especially in the 

development of analytical thinking skills. Analytical thinking skills are crucial for 

success in mathematics and other academic disciplines, as well as for real-world 

problem-solving and decision-making. However, many students struggle with the 

development of analytical thinking skills, which can lead to negative attitudes 

toward mathematics and reduced academic performance. 

The study’s findings on the impact of visuals on analytical thinking skills 

development can provide valuable insights into how educators can support 

students’ analytical thinking skills development. By identifying effective 

instructional strategies, such as the use of visuals, educators can enhance students’ 

mathematical thinking and problem-solving abilities, leading to improved 

academic performance and increased confidence in mathematics. 

Overall, the study’s findings on the impact of visuals on analytical thinking 

skills development in mathematics education have the potential to make a 

significant contribution to improving students' academic outcomes and attitudes 

toward mathematics. 

 

 

Theoretical Framework 

 

This study is informed by several theoretical frameworks related to the use of 

visuals in mathematics education and the development of analytical thinking skills. 

The first theoretical framework is the National Council of Teachers of 

Mathematics (NCTM) Principles and Standards for School Mathematics (2000), 

which emphasizes the importance of visualization in mathematics learning. The 

NCTM advocates for the use of visuals to help students make sense of 

mathematical concepts and relationships. 

The second theoretical framework is cognitive load theory, which suggests 

that the use of visuals can help to reduce cognitive load. 

The third theoretical framework is the conceptual change theory, which 

suggests that students’ prior knowledge and beliefs can influence their learning of 

new concepts. The use of visuals can help students to develop new conceptual 

frameworks that are more accurate and better aligned with mathematical concepts 
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and relationships. 

The fourth theoretical framework is the problem-based learning theory, which 

emphasizes the importance of problem-solving and inquiry-based learning in 

mathematics education. The use of visuals can support problem-based learning by 

providing students with visual representations of problems and supporting their 

problem-solving skills. 

Overall, these theoretical frameworks suggest that the use of visuals in 

mathematics education can support students’ learning and development of 

analytical thinking skills. By reducing cognitive load, supporting conceptual 

change, and promoting problem-based learning, visuals can help students to make 

sense of mathematical concepts and relationships and develop the analytical 

thinking skills necessary for success in mathematics and other academic 

disciplines. 

 

 

Use of Visuals in Developing Analytical Thinking Skills 

 

The use of visuals can support the development of the analytical thinking 

skills of students in several ways. 

First, visuals can support the development of spatial reasoning skills, which 

are essential for mathematical problem-solving. Visuals such as diagrams, graphs, 

and models can help students to visualize mathematical relationships and concepts, 

leading to improved spatial reasoning abilities (Clements and Sarama 2011). 

Second, visuals can support the development of mathematical communication 

skills by providing a common visual language for students to communicate their 

mathematical thinking. This can help students to develop their ability to explain 

their thinking and ideas, leading to improved communication skills (Lannin and 

Barker 2015). 

Third, visuals can support the development of metacognitive skills by 

encouraging students to reflect on their thinking and problem-solving strategies. 

Visuals can be used to prompt students to think about their thinking and reflect on 

their problem-solving processes, leading to improved metacognitive skills (Fyfe 

and McNeil 2018). 

Overall, the use of visuals can support the development of analytical thinking 

skills in students by promoting spatial reasoning, critical thinking, mathematical 

communication, and metacognitive skills. By using visuals in mathematics 

education, teachers can help students to develop the analytical thinking skills 

necessary for success in mathematics and other academic disciplines. 

 

 

The Impact of Visuals on Analytical Thinking Development 

 

The methodology devised in Marikyan (2019) does not require students to 

spend hours on rote learning and memorization. The research showed that the only 

effective way of learning mathematics is through understanding. The net effect of 

learning mathematics through understanding is the development of students’ 
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analytical thinking skills. The research also showed students started being 

interested in mathematics, enjoyed learning it, and considerably progressed in 

learning mathematics (Marikyan 2019). 

In mathematics, students are required to work with formulas and solve word 

problems. For both, and especially for solving word problems students need to use 

their analytical thinking skills. On the other hand, solving word problems develops 

analytical thinking skills. Therefore, teaching mathematics should nurture 

analytical thinking skills among students (Marikyan 2013). 

However, unfortunately, there are required tests that all students have to pass, 

preferably with high scores. The aftermath is that the focus of learning mathematics 

becomes high test scores, and classrooms are being converted into ―test preparation 

centers,‖ then memorization becomes the fastest way of preparing students for the 

test. However, memorization only helps students to remember the topics to pass 

the test (Casbarro 2003). The net effect is that students are being checked and 

graded on memorization. Unfortunately, memorization may require a considerable 

amount of time for some students. Those students will be forced to memorize 

mathematics that does not make sense to them, since they do not understand it. 

Those students will make the same amount of effort to learn mathematics as to 

learn a poem by heart in a foreign language. Needless to say, this may create math 

anxiety among those students. Another group of students is those who are 

interested in understanding mathematics, but no one explains it to them because 

the teacher spends time mainly on preparing students for required tests with high 

grades. The frustration for these students is the lack of time and support, and they 

become discouraged from learning mathematics. 

Another example is a child from a YouTube video who didn’t want to go 

back to school because the teacher on Monday had said that 6 + 2 = 8, on Tuesday 

she told that 4 + 4 = 8, and on Wednesday she said that 5 + 3 = 8. Then the child 

continues, saying that she’ll wait until the ―teacher makes up her mind.‖ Sounds 

funny, but on a serious note, the teacher failed to explain why 6 + 2 = 8, 4 + 4 = 8, 

and 5 + 3 = 8. This example shows that the child has analytical thinking skills 

which were not put to use in learning mathematics. She compared what the teacher 

taught without explaining and concluded that the teacher does not know what she 

was talking about. It is obvious that it could be very helpful to use visuals in 

explaining to the child why 6 + 2 = 8, 4 + 4 = 8, and 5 + 3 = 8. 

Below are two scenarios to compare.  Both explain why 6 + 2 = 8, 4 + 4 = 8, 

and 5 + 3 = 8. 

Scenario 1. The teacher puts some sticks on the table and asks students to 

count 6 sticks and put them on a side. Then students count 2 sticks and add them to 

the other 6 sticks, and count all sticks again. Then using the same technique, the 

teacher teaches that 4 + 4 = 8, and 5 + 3 = 8. The result will be that the students 

memorize that 6 + 2 = 8, 4 + 4 = 8, and 5 + 3 = 8. However, the students will not 

understand why they all are equal to 8, as the child in my above example. 

Later on, the commutative property of addition will be introduced to students 

using the formula (1). The formula is not helpful because they had never used it 

before while adding numbers. Plus, students, having problems using variables will 

just ignore the formula, and the commutative property of addition will be never 
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used in learning mathematics. 

Scenario 2. The teacher puts 8 sticks on the table and asks students to count 

them. Now the students know that they have 8 sticks. Next, students are asked to 

take 6 sticks and put them on a side. Then students count the remaining 2 sticks. 

Students learn that taking away 6 sticks from 8 leaves with 2 sticks. Then the 

teacher asks them to add the 2 sticks to the 6 sticks, learning that 6 + 2 = 8. Next, 

the teacher asks students to separate 6 and 2 sticks and then add the 6 sticks to the 

2 sticks, that is, 2 + 6 = 8. This teaches students that 6 + 2 = 8 and 2 + 6 = 8, 

teaching the concept of the commutative property of addition (1). The same 

activity can be repeated with 4 and 4, 5 and 3, and 1 and 7. Through this activity, 

students will learn the concepts of addition, subtraction, and the commutative 

property of addition (1). 

         (1) 

Explaining the commutative property of addition using sticks, at an early age, 

will prevent students from getting accustomed to performing addition through 

memorization. 

Then using the same technique, the teacher teaches that 4+4=8, 5 + 3 = 8, and 

7 + 1 = 8. The result will be that the students will learn that 6 + 2 = 4 + 4 = 5 + 3 = 

7 + 1 = 8, and the commutative property of addition. The students will understand 

why they all are equal to 8. 

The comparison of these two scenarios shows that although both scenarios 

used the same objects, the results were very different. This shows the importance 

of how visuals were used. 

The associative property of addition (2) sometimes is more difficult to explain. Let 

us try to explain it using the same sticks. 

      (2) 

Scenario 3. The teacher puts the same 8 sticks on the table and asks students 

to divide them into three groups. Then students are asked to count the sticks in 

each group. Next, the teacher asks the students to combine the first and the second 

groups, then add the third group. The students know that the result is 8. Next, the 

teacher asks students to separate the same groups, combine the second and the 

third groups, and add them to the first group. From this activity, students will learn 

that combining three groups in any order will result in the same answer. 

In the first grade in Armenia, children were required to have a box of 6-inch-

long plastic sticks of the same color. They were used just for a few weeks to 

understand the concepts of addition and subtraction, and the commutative and 

associative properties of addition. 

Using sticks, not other objects helped not to connect addition or subtraction 

with any particular objects. The sticks were of the same color which helped not to 

connect addition or subtraction with any particular color. Both are important for a 

smooth transition from concrete thinking to abstract thinking. Another net effect 

from using sticks of the same size and of the same color, later on, helps with the 

understanding of variables. This discussion is out of the scope of this article. 

The first graders were also required to have an abacus. In fact, those two were 

the only visual aids used in teaching mathematics in Armenia. 

The abacus in Figure 1 looks nice and may attract a child’s attention. 
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However, this abacus can only be used to count from 1 to 10 and maybe can be 

used for adding small numbers, the sum of which is 10 or less. 

 

Figure 1. Colorful Abacus 

 
 

The abacus used in Armenia in the first grade was not as colorful as the one in 

Figure 1. The beads of that kind of abacus are of two colors. In each row, there are 

ten beads. The middle two beads of each row are of a contrasting color. In Figure 2 

the middle two beads are black. The middle two beads are the fifth and sixth 

beads. That is, in each row (except the row with 4 beads) there are 4 white, 2 

black, and another 4 white beads. This setup of beads helps students to minimize  

 

Figure 2. An Abacus Used by First Graders in Armenia 

 
 

Scenario 4. There is no need to count for moving 1 or 2 beads to the left. After 

moving 3 beads to the left, they see that out of 4 white beads only one is left, that 

is, 4 – 3 = 1. Once the students understand that 3 + 1 =4, they will move 3 beads to 

the left without counting 1, 2, 3, but will move the beads leaving 1 white bead, 

therefore, eliminating counting while moving 3 beads. To move 4 beads to the left 
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is not a brainer; those are the 4 white beads. To move 5 beads, students know that 

there are 4 white beads, therefore, they need to move one more bead, which is a 

black bead to get 5 beads. Then they see that half of the beads are now on the left 

side and the other half is on the right. Then students learn, that 5 + 5 =10, 5 × 2 = 

10, and also, 10 ÷ 2 = 5. To move 6 beads to the left, they will move 5 beads and 

one more black bead to the left. The students learn that 5 + 1 = 6. Seeing 4 white 

and 2 black beads on the left, and 4 white beads on the right. Now they also learn 

that 4 + 2 = 6, 10 – 6 = 4, and 10 – 4 = 6. Again, no need to count the beads. While 

moving 7 beads, they will move the 4 white beads, the 2 black beads, and 1 more 

white bead. They learn that 6 + 1 = 7, 4 + 2 + 1 = 7. Seeing 3 white beads on the 

right side, they also learn that 10 – 7 = 3 and 10 – 3 = 7. This means, that for 

moving 7 beads to the left, they need to leave 3 white beads and move the rest to 

the left. Similarly, to move 8 or 9 beads to the left, they will move all but 2 or 1 

bead, correspondingly. 

Scenario 5. This abacus can also be used to teach place values. The third from 

the bottom is for ones, above which is the row of tens. Then comes the row of 

hundreds. The first bead of the next row is black, to help visually to easily find the 

row of thousands. 

The row with 4 beads is a placeholder, similar to the decimal point. The lower 

two rows are for tenths and hundredths. For example, to show 0.75, 7 beads from 

the second from the bottom row and 5 beads from the last row will be moved to 

the left. (Tenths and hundredths were not covered in the first grade.) 

The knowledge gained in Scenario 4, is applicable to all rows. That is, to 

calculate 5000 + 3000 students move 5 beads and 3 beads from the row of 

thousands to the left. Seeing 2 beads left on the right side they will write, 5000 + 

3000 = 8000. If the students perform the same operation on the paper, they will 

write 0 + 0 = 0, 0 + 0 = 0, 0 + 0 = 0, 5 + 3 = 8 (See Figure 3). 

The knowledge gained while using an abacus, students can use while 

performing calculations without an abacus. 

 

Figure 3. Step for Performing Addition on a Paper 

 
The top row represents ten-thousands. How this abacus can be used in 

teaching mathematics? 

Scenario 6. The teacher asks students to calculate 7 + 5 using the abacus. 

Students move 7 beads to the left. Then they move the remaining beads in the row, 

counting 1, 2, 3. Now all beads on the row of ones are on the left side, which 

means that 7 + 3 = 10. Students will move all 10 beads to the right and will move 

1 bead from the row of tens to the left and will continue moving beads from the 

row of ones to the left, counting, 4, 5. Seeing 1 bead from the row of tens and 2 
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beads from the row of ones on the left, the student will know that 7 + 5 = 12. 

Besides learning that 7 + 5 = 12, the students learned that 5 = 3 + 2, more 

importantly, they learned that 12 is equal to one 10 and 2 ones. 

Scenario 7. Similarly, to calculate 47 + 58, the students move 7 beads from 

the row of ones, and 4 beads from the row of tens to the left. Next, to add 58, the 

students move the remaining 3 beads from the row of ones, getting all ten beads on 

the left side. Moving the 10 beads to the right and moving 1 bead from the row of 

tens to the left, the students see that 47 + 3 = 50. That is 50 – 47 = 3. Then students 

move 5 beads from the row of ones to the left. They know that 47 + 8 = 55. The 

last step is to add 50, for which they move 5 beads from the row of tens to the left, 

getting all 10 on the right side. They move the 10 beads to the right and move 1 

bead from the row of hundreds to the left. 47 + 58 = 105 because on the left there 

is 1 bead from the row of hundreds and 5 beads from the row of ones. While 

calculating 47 + 58, students also learned that 10 beads from the row of tens, make 

a hundred, that is, 10 × 10 = 100. 

Scenarios 4 – 7 show that using this type of abacus in teaching mathematics 

helps students to learn some challenging concepts of mathematics. It also teaches 

how addition and subtraction are connected. 

 

 

Discussion & Conclusion  

 

The results of the study indicate that the use of visual aids, sticks and the 

abacus in teaching mathematics leads to a significant improvement in students’ 

learning of mathematics, improving students’ understanding and retention of 

learned mathematical concepts. The net effect of this improvement leads to the 

development of their analytical thinking skills. 

Another result of this study is that the use of these visuals can help to make 

abstract or complex concepts more concrete and accessible to students and can 

also help to promote deeper learning and critical thinking skills. 

Overall, these findings suggest that the use of these visuals can be an effective 

strategy for developing students’ analytical thinking skills in mathematics. 

However, it is important to note that the specific types of visuals used, as well as 

the instructional strategies used to incorporate them in teaching, play an important 

role in their effectiveness. 

This study did not explore how other visuals can be used in combination with 

other instructional strategies to further enhance students’ analytical thinking skills 

in mathematics. 
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This study aims to establish the presence of aesthetic underpinnings in Saudi 

mathematics textbooks. For this, the researchers used descriptive-analytical 

methods. We looked at fourth, fifth, and sixth grade math textbooks. The 

arbitrated aesthetic method divides 27 signals into seven basic domains. The 

content availability of each main aesthetic approach area was found to be 

constant across all books in the elementary stage's upper grades. Aesthetic 

strategies were used in primary mathematics textbooks at a rate of 34%. The 

average percentages for the major domains were: 76.9% major themes, 57.7% 

mental level, 52.8% science framework, 35.4% mathematics and arts, 10.7% 

mathematics and emotional components, and 2.2 % athletic aesthetic criteria. 

The researchers suggested designing mathematics courses and texts artistically. 

 

Keywords: textbooks, mathematics, aesthetic approach, mathematical aesthetic, 

content analysis 

 

 

Introduction 

 

Scholastic mathematics demonstrates mathematicians' accomplishments by 

studying significant mathematical concepts and operations, enables students to 

comprehend mathematics as a science of human intellectual accomplishments, and 

enables students to meet life requirements through observation of mathematics' 

application in the real world and enjoyment of its subjective and functional 

aesthetic. 

The National Council of Mathematics Teachers in the United States of 

America's (NCTM) scholastic mathematics standards emphasized the necessity of 

assisting pupils in comprehending the essence of mathematics and appreciating its 

mathematical aesthetic (Asiri et al. 2013). 

The aesthetic method is oriented to increase the enjoyment and joy associated 

with mathematics education. They identify aesthetics in knowledge, the means of 

accessing and verifying it, and the scientists' efforts to discover, interpret and 

manage scientific phenomena, and they believe that the aesthetic components elicit 

satisfaction and help students develop critical thinking abilities. 

By incorporating mathematical aesthetic criteria into school mathematics 

curricula, the aesthetic in mathematics, with its patterns, numbers, shapes, 

geometric figures, algorithms, proofs, and explanations, becomes an introduction 
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that presents mathematics as a vital subject exciting for research and curiosity and 

justifies and encourages its learning among students (Abdullah 2019). 

Gadanidis et al. (2016) believe that aesthetic experiences in mathematics 

enable students to engage in research and investigation, unlock their imagination, 

and provide pleasure and variety to mathematics instruction. 

Additionally, emphasizing the aesthetic components of mathematics instruction 

helps children acquire moral ideals. It promotes personality balance in students by 

connecting the beauty notion to the order, harmony, and consistency inherent in 

mathematics' beauty. 

Sinclair (2009) asserted that an aesthetic approach to mathematics education 

impacts school mathematics education because it increases students' motivation, 

alleviates math anxiety, and promotes enjoyment of learning by exposing students 

to the nature of mathematics and its significance in their lives. 

The aesthetic method elicits pleasure in pupils, improves their desire and 

curiosity about mathematics, and enables them to benefit from its tools. It 

improves their drive and curiosity for mathematics and benefits from the 

instruments utilized in daily life. Mathematics has an aesthetic component that 

should be zed in elementary school students' textbooks. It is founded on information 

and serves as a vehicle through which the curriculum designer communicates 

contemporary trends to pupils. 

 

 

The Problem 

 

The study problem arose from the aesthetic approach's role in achieving 

certain educational goals through student's practice of various thinking skills, 

research, and meditation within a framework of satisfying emotional aspects 

through aesthetic experiences, as confirmed by several studies: (Abdullah 2019, 

Saleh and Matalqa 2018, Mhenni 2018, Abu Zaid et al. 2017, Suleiman 2016, 

Minara 2017, Satyam 2016, Cellucci 2015, Sulaiman 2014, Abdul Hadi 2014). 

Additionally to the recommendations made by the studies (Abdullah 2019, 

Ahmed 2018, Satyam 2016, Cellucci 2015, Abdul Hadi 2014), reconsidering the 

mathematics curriculum's content and placing emphasis on the aesthetic view of 

mathematics, as well as abandoning the traditional method, is necessary. 

The Education and Training Evaluation Commission's national tests revealed 

students' weakness in mathematics in Saudi Arabian, with 41% of sixth-grade 

students failing to meet the minimum performance standards expected of them. 

Additionally, the International Study of World Trends in Academic Achievement 

in Mathematics and Science (TIMS 2019) revealed a decline in students' average 

performance in Saudi Arabia. These findings indicate that mathematics education 

has shortcomings that can be attributable to any educational process. 

However, the Education Ministry recognized low-quality curricula as barriers 

to accomplishing the 2020 national transformation (Ministry of Education 2019). 

Because the majority of Arab education systems use textbooks as a curriculum 

(Al-Saadowi 2010), and because they serve as the official document that reflects 

the majority of curriculum components, there are observations about mathematics 
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books revealed by the evaluation study of the mathematics and science project in 

Saudi Arabia prepared by the Center for Research Excellence in Science and 

Mathematics Development (2015). It advised aligning school mathematical 

standards with the nation's identity and culture and guaranteeing the best possible 

experiences during future growth processes. 

As a result, the necessity for a review of school mathematics textbooks arises, 

and the study problem is defined as determining the level of aesthetic approach in 

mathematics textbooks for higher grades at the primary stage in Saudi Arabia. 

 

 

Questions 

 

The study questions are: 

 

1. What aesthetic approach foundations must be available in mathematics 

books for the higher grades at the primary stage in Saudi Arabia? 

2. What is the availability level of the necessary aesthetic approach 

foundations in mathematics books for the higher grades at the primary 

stage in Saudi Arabia? 

 

 

Aims 

 

The study aims to: 

 

1. Building a list of the aesthetic approach foundations and indicators must 

be available in mathematics books for the higher grades at the primary 

stage in Saudi Arabia. 

2. Identifying the availability level of the aesthetic approach foundations in 

mathematics books for the higher grades at the primary stage in Saudi 

Arabia. 

 

 

Importance 

 

The study importance appears in: 

 

1. The current study lists the aesthetic approach foundations in 

mathematics, which may help designers develop mathematics curricula 

for the higher grades at the primary stage. 

2. The study provides curriculum designers with tools and scientific 

criteria to evaluate mathematics books. 

3. The study sheds light on the shortcomings in mathematics textbooks in 

Saudi Arabia, which may help curriculum developers to evaluate and 

develop them. 
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4. The study may help teachers take care of the aesthetic aspects of 

mathematics education. 

5. The current study opens the way for researchers to conduct further research 

on the aesthetic approach in mathematics education. 

 

 

The Limits 

 

Objective limits: a list of the aesthetic approach foundations in the light of 

the content analysis of the mathematics books for the higher grades at the 

primary stage (fourth, fifth, and sixth) in Saudi Arabia in the academic year 

1443 AH. 

Temporal limits: Mathematics textbooks prescribed for primary school 

students, edition 1443 AH. 

Spatial limits: Saudi Arabia. 

Human limits: Students of the primary stage higher grades in Saudi Arabia. 

 

 

Study Terminologies 

 

The aesthetic approach: It is define as the building and implementing 

curricula to achieve educational goals and enjoy the technical and aesthetic aspects 

in science and emphasize the emotional and appreciation aspects that have often 

been neglected instead of its importance. 

The researchers define it procedurally as the quantitative analysis of 

mathematics textbooks for the higher classes in light of the aesthetic approach 

foundations available in mathematics books. 

 

 

Theoretical Framework and Previous Studies 

 

This part deals with the specification of the aesthetic approach in mathematics 

in the light of its concept, its importance in mathematics, its foundations in 

mathematics textbooks, and the related previous studies. 

 

The Aesthetic Approach in Mathematics 

 

Aesthetic education aims to promote the human being since a focus on beauty 

necessitates developing and integrating students' personalities (Al-Sherbiny 2005). 

When students enjoy instruction and research due to their interactions with 

aesthetic experiences, they develop favorable attitudes toward science and learning 

and an appreciation for the role of scientists. 

'Researchers' definitions of the aesthetic approach vary; it is defined as a 

proposal to develop and implement curricula to accomplish educational goals 

while also enjoying the technical and aesthetic aspects of science, as well as 
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emphasizing the emotional and appreciation aspects of science that are frequently 

overlooked in favor of their importance. 

Girod et al. (2010) define it as the experiences that individuals gain from their 

imagination seeking harmony in the strength and beauty of ideas and information 

that startle amaze the learner well as the splendor of these concepts and 

information. 

Thus, the visual features of the entrance set it apart from other entries. The 

aesthetic method blends students' emotional, cognitive, and skill development, 

emphasizing emotional well-being and achieving pleasure in educational settings. 

The aesthetic method examines integrated phenomena and the whole awareness of 

the phenomenon to identify its beautiful characteristics. 

The aesthetic approach to mathematics is consistent with mathematics' nature, 

as seen by the beauty of mathematical patterns and geometric shapes and their 

algorithms. The aesthetic approach to mathematics education connects mathematics 

to various disciplines and emphasizes its functional beauty in describing the 

situations, and issues students are exposed to. 

 

The Importance of the Aesthetic Approach in Mathematics Education 

 

It develops the integrated personalities of the students, refines their behavior, 

fosters their creative potential, provides emotional and spiritual fulfillment, and 

fosters favorable attitudes toward the environment and its beauty (Al-Sherbiny 

2005). 

Mathematics is a universal language. Because the world's symbols, numbers, 

and mathematical forms are nearly the same, the importance of mathematical 

beauty in creating universal moral qualities such as honesty, peace, respect for 

others' viewpoints, and social interaction is apparent (Minara 2017). The artistic 

perspective on classroom mathematics imbues it with meaning. It converts abstract 

mathematical concepts and skills into comprehensive and integrated encounters 

with natural and social events (Gadanidis et al. 2016), bridging the divide between 

school mathematics and students' real-world issues. It brings mathematics closer to 

the students' emotions and allows them to appreciate its beauty. 

 

The Foundations of the Aesthetic Approach in Mathematics Textbooks 

 

When establishing curricula and producing mathematics books, a group of 

scholars cited Mohamed (2008), Sinclair (2009), Yunus (2012), and Hartono 

(2016). 

 Foundations and principles can be summarised as follows: 

 

(1) Unifying the science structure:  

The aesthetic approach confirms that mathematics education encompasses the 

primary components of science, which are the results, which include concepts and 

theories, the second component of science processes, which are the practices and 

activities used to arrive at mathematical theories and concepts, such as inference 

and communication, and finally, the values and ethics that should characterize the 
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students' knowledge as honesty and objectivity, which can be accomplished by 

presenting paragraphs of text. 

 

(2) Emphasis on the major concepts 

The consistency of mathematics curricula around central concepts and their 

development in conjunction with the development of the "student's cognitive 

structure, the unity of the mathematics structure and knowledge of the facts and 

concepts beneath it, and provides more space for aesthetic considerations of 

mathematical experiences and concepts, as well as emphasizes the importance of 

mathematics and its applications in their lives. 

 

(3) Presenting Integrated Mathematics Topics  

Reduces barriers between scientific disciplines by emphasizing the 

interconnectivity and interdependence of scientific areas. The aesthetic approach 

to mathematics education unifies school mathematics curricula across the various 

fields of mathematics as a science of numbers and measurements. The aesthetic 

approach enables mathematics to be presented in conjunction with other disciplines 

and subjects, focusing on fundamental concepts and ideas, seeing them as 

interconnected concerns, and comprehending them thoroughly. For instance, 

circumference mathematics can be applied to estimating the circumference of a 

volcano's crater. 

Presenting mathematics integratively enables students to appreciate the 

beauty of concepts and information, their interconnectedness, the reliance of each 

domain on mathematics, and the reliance of numerous scientific areas on 

mathematics, all of which increase motivation to learn. 

 

(4) Linking Mathematics with the Arts 

It stimulates pupils' imaginations, fosters their creativity, and allows them to 

express their emotions. The relationship between mathematics themes and 

concepts and other arts such as architecture, Arabic calligraphy, and others can be 

defined as the relationship between geometric shapes and decorating art. 

 

(5) Taking care of the Emotional Aspects 

It emphasizes taking care of the student's emotional needs without sacrificing 

cognitive and skill development and arousing students' enthusiasm and curiosity 

through methods that simplify the mathematics, such as using interesting titles for 

mathematical topics that motivate students to investigate their content, and 

providing a learning environment in which the student feels safe, comfortable, and 

enjoys learning mathematical concepts by connecting them to their interests. The 

narrative contributes to the excitation of the'students' conscience through its artistic 

aspects, which pleasure students, acknowledge the efforts of scientists, and help 

them develop favorable attitudes toward mathematics. 

 

(6) Taking into Account the Students' Mental Level  

Because a person perceives beauty in their surroundings based on subjective 

factors such as mental abilities, it is necessary to consider the gradual introduction 
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of mathematical concepts and standards of mathematical beauty according to the 

students' mental level, from the tangible to the abstract, when designing the 

learning experience and situations. 

 

(7) Highlighting the Mathematical Beauty Criteria 

It develops a sense of beauty by focusing on two aspects: synthesis, logic, 

balance, order, and symmetry, as in the concept of an equilateral triangle. This 

helps students acquire basic knowledge about beauty, which helps them develop 

their ability to perceive beauty in mathematics topics and enjoy math learning. 

 

Previous Studies 

 

 Previous research has examined the aesthetic approach to mathematics: 

Obaidah's (2013) study examined the actuality of incorporating 

mathematics components into teaching from the 'teachers' perspective. 

 Abdul Hadi (2014) honed his innovative and mathematical thinking 

abilities using an artistic approach to mathematics. 

 Cellucci (2015) examined the usefulness of mathematics beauty in 

assisting students' comprehension and discovery, concluding that 

mathematics beauty aided in boosting students' mathematical discovery 

and cognitive understanding. 

 Satyam (2016) demonstrated the importance of mathematical beauty in 

achieving surprise and eradicating monotony in educational settings. 

 Abdullah's (2019) study demonstrated the efficacy of an aesthetic 

approach in mathematics instruction to develop humor and aesthetic 

taste. Both the funny sense scale and the aesthetic taste test revealed 

statistically significant differences in favor of the experimental group. 

 

It is clear that the previous studies used the aesthetic approach to evaluate 

teacher performance and teaching using several variables such as mathematical 

and innovative thinking, sense of humor, the emotion of surprise, understanding, 

and discovery. In contrast, this study aimed to determine the level of availability of 

the aesthetic approach in mathematics books. 

 

 

Methodology and Procedures 

 

Methodology 

 

The researchers used the descriptive-analytical method.  

 

The Study Sample 

 

The study sample consists of primary school mathematics books for the upper 

grades "fourth, fifth, and sixth" in the first and second semesters in Saudi Arabia 

for the academic year 1443 AH, a total of six books, and the study used the 



Vol. 10, No.4                  Alkhuzaim & Alwahbi: The Availability Level of the Aesthetic… 

 

248 

comprehensive inventory method to the community, due to the study's potential 

for application to the entire community. 

 

The Study Tool 

 

Following the aesthetic approach's foundations, the researchers collected study 

data using the content analysis card. By establishing seven major areas of the 

aesthetic approach, the researchers translated the aesthetic approach's foundations 

into a content analysis card; the tool's first form had (29) indications distributed 

throughout seven major domains. 

The tool was verified by: 

 

(1) The study tool validity 

Its validity is predicated on the opinions of expert arbitrators. The researchers 

presented the content analysis card in its initial form to a panel of specialized 

arbitrators, totaling eleven (11) arbitrators, to ascertain their observations and 

suggestions regarding the analysis card's validity. They provided insightful 

suggestions and enhancements to the Analysis Card tool that was employed. 

As a result, the researchers made appropriate revisions and adjusted the items' 

linguistic language. Thus, the tool's final version includes (27) indicators distributed 

among seven primary domains. 

 

(2) The study tool stability 

The study employed the re-analysis technique, with a time delay of one year 

between the first and second analyses (three weeks). The researchers examined a 

unit of study from the sixth grade of primary school's second semester (the 

Fractions unit), and then used Holsty's equation to determine the stability. The 

stability coefficient was (0.93), which is a high number. 

 

Analytical Controls 

 

After confirming the correctness and stability of the content analysis card, the 

researchers utilized the instrument as follows: 

 

 The analysis's objective was to ascertain the extent to which the 

aesthetic approach is available in mathematics books for the upper 

grades at the elementary stage in Saudi Arabia. 

 Sample: encompasses all themes covered in elementary school mathematics 

textbooks for pupils in the upper grades "sixth, fifth, and fourth" 

throughout the first and second semesters, while taking into account the 

following procedures: 

 Analyzing all book contents except the cover, book introduction, 

indexes, mid-semester test, chapter test, and cumulative tests. 

 Analysis of the artistic approach and its indicators in light of the 

foundations' list. 
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 The study includes all scheduled classes and preparation materials and 

the graphics, shapes, images, and activities included in the content. 

 The lesson, its primary activity, exercises, and sub-items were 

considered repetitions because they all contain the same concept. 

 Analyses Categories denoted by the aesthetic approach's foundational 

domains. 

 Categorize partial analyses using the unique indicators indicated in the 

aesthetic approach areas. 

 Unit analysis: Selecting an idea as a unit based on its relation to the 

study's nature and objectives. 

 

Statistical Treatment 

 

The researchers used: 

 

 Frequencies and percentages. 

 Holste's equation calculates the tool stability through the agreement 

coefficient between the first and second analyses. 

 Judgment criterion on the availability level of the aesthetic approach 

among the study sample according to the Table 1. 

 

Table 1. Judgment Criterion on the Availability Level of the Aesthetic Approach 

Percentage Availability level 

From  to  

0% 20% Very low 

More than 20% 40% Low 

More than 40%  60% Medium 

More than 60% 80% High 

More than 80% 100% very high 

 

 

Study Results and Discussion 

 

The Answer to the First Question 

 

"What are the foundations of the aesthetic approach that is required to be 

available in mathematics textbooks for the higher grades at the primary stage in 

Saudi Arabia?" 

The researcher studied educational literature and existing study on aesthetics. 

The researchers used aesthetic approach foundations to establish the aesthetic 

approach's availability in mathematics textbooks and then recast the sub-indicators 

and analysis in that light, presenting them to a panel of specialized arbitrators and 

amending them based on their observations. The researchers identified (27) sub-

indicators, which included the following: 
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Unifying the science structure: 

 

(1)The book presents scientists' practices and activities to access mathematical 

theories and concepts. 

(2)The book highlights the scientific values and ethics that accompany the 

scientific activity. 

(3) The book presents the mathematical concepts and findings of scientists. 

 

Emphasis on the major concepts: 

 

(1) The book provides mathematical content according to the cumulative 

structure characteristic and the tribal requirements for studying different 

topics. 

(2) The book organizes the mathematical content lessons around total 

concepts that include sub-mathematics concepts. 

(3) The book presents the basic conceptual and procedural knowledge in 

the balanced lesson. 

 

Presenting mathematics in an integrated way: 

 

(1) The book links mathematical applications with other social and 

scientific disciplines. 

(2) The book includes applications that integrate the branches of 

mathematics (numbers and their operations, geometry, algebra and 

analysis, statistics, and probability). 

(3) The book motivates students to recall previous experiences from 

different disciplines. 

(4) The book includes open activities where students present their relevant 

experiences in the lesson. 

 

Linking mathematics with arts: 

 

(1) The book links mathematical concepts and arts. 

(2) The book refers to applying mathematical concepts in different arts in 

local and global cultures. 

(3) The book provides an opportunity to practice technical activities related 

to mathematics. 

(4) The book encourages the observation and inference of mathematics 

concepts in the artwork. 

 

Taking care of the students' emotional aspects: 

 

(1) The book provides interesting titles for students for mathematics 

lessons. 

(2) The book includes paragraphs that develop students' positive attitudes 

towards mathematics, highlighting its functional beauty in their lives. 
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(3) The book promotes meditation on mathematical concepts and savoring 

their beauty. 

(4) The book urges appreciation and pride in the efforts of mathematicians. 

(5) The book presents stories of the mathematical concepts, historical 

development, and the challenges scientists faced upon discovery. 

 

Taking into account the students' mental level: 

 

(1) Gradual provision of mathematical content from the concrete to the 

abstract level. 

(2) The book presents the topic to consider the individual differences 

among students. 

(3) The book links mathematics to the students' reality. 

(4) The book presents the information to stimulate the learner's mental 

processes. 

(5) The book includes various methods of learning assessment. 

 

Mathematics beauty criteria: 

 

(1) The book presents paragraphs explaining the standards of mathematics 

beauty. 

(2) The book is directed to note the standards of mathematical beauty in the 

mathematical situation. 

(3) The book stimulates the observation and conclusion of the mathematical 

beauty criteria in the students' environment. 

 

The Answer to the Second Question  

 

"What is the availability level of the necessary aesthetic approach foundations 

in mathematics textbooks for the higher grades at the primary stage in Saudi 

Arabia?" 

The frequencies and percentages of the evidence for each indicator of the 

analysis card areas in each class book. The researchers present a summary of the 

results in the light of the aesthetic approach in Table 2. 
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Table 2. Summary of the Mathematics Books Results from Analysis for The 

Fourth-Grade at Primary School in the Light of the Aesthetic Approach 

No. Domain Semester 

Average 

Frequency 

of Domain 

Percentage 

of Domain 

Average 

Percentage 

of Two 

Classes 

Availability 

Level 

1 

Unification of 

the science  

structure 

First 52 44% 

48.5% 
medium 

level second 67 53% 

2 

Emphasis on 

major 

concepts 

First 99 85% 

72.5% high level 
second 76 60% 

3 

Introducing 

mathematics 

in an 

integrated 

manner 

First 96 49% 

35% low level 
second 35 21% 

4 

Connecting 

mathematics 

with the arts 

First 10 7% 

8.5% 
very low 

level second 16 10% 

5 
Emotional 

care 

First 2 1% 
4.5% 

very low 

level second 16 8% 

6 

Considering 

the mental 

level 

First 126 65% 

60% 
medium 

level second 116 55% 

7 

mathematics 

beauty 

standards 

First 2 2% 

2,5% 
very low 

level second 4 3% 

The average of the aesthetic approach foundations in the fourth-

grade books of primary school 
33.07% low level 

 

It is clear from Table 2 the frequencies of the aesthetic approach indicators in 

mathematics books for the fourth grade at primary school and their percentages 

concerning some lessons in the book where the percentage of all domains was 

(33.07%), and the domain (emphasis on major concepts) came first with a 

percentage of (72.5%). Then, in the second place, the domain (observing the 

mental level) was with a percentage of (60%). The domain (unifying the science 

structure) ranked third with a percentage of (48.5%). The domain (presenting 

mathematics integrated) ranked fourth with a percentage of (35%). Then the 

domain (linking mathematics with the arts) ranked fifth with a percentage of 

(8.5%) and the domain (Caring for Emotional Aspects) ranked before the last with 

a percentage (4.5%). The domain of (Athletic Beauty Standards) ranked last with a 

percentage of (2.5%). 
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Table 3. Summary of the Mathematics Books Results from Analysis for the Fifth-

Grade at Primary School According to the Aesthetic Approach 

No. Domain Semester 

Average 

Frequency 

of 

Domain 

Percentage 

of Domain 

Average 

Percentage 

of Two 

Classes 

Availability 

Level 

1 

Unification of the 

science structure 

 

First 69 55% 

52.5% medium level 
second 62 50% 

2 

Emphasis on 

major concepts 

 

First 93 74% 

73.5% high level 
second 90 73% 

3 

Introducing 

mathematics in an 

integrated manner 

First 75 45% 

38.5% low level 
second 52 32% 

4 

Connecting 

mathematics with 

the arts 

First 7 4% 

6.5% very low level 
second 15 9% 

5 Emotional care 
First 3 2% 

3% very low level 
second 7 4% 

6 
Considering the 

mental level 

First 123 58% 
56.5% medium level 

Second 113 55% 

7 
mathematics 

beauty standards 

First 0 None 
1% very low level 

second 3 2% 

The average of the aesthetic approach foundations in the fifth-

grade books of primary school 
33.07% low level 

 

It is clear from Table 3 the frequencies of the aesthetic entrance indicators in 

mathematics books for the fifth grade at the primary school, and their percentages 

concerning some lessons in the book where the percentage of all domains reached 

(33.07%), and the domain (emphasis on major concepts) came first with a 

percentage of (73.5%). Then, in the second place, the domain of (observing the 

mental level) was with a percentage of (56.5%). The domain (unifying the science 

structure) came in third place, with a percentage of (52.5%). The domain 

(presenting mathematics in an integrated manner) ranked fourth, with a percentage 

of (38.5%). Then the domain (linking mathematics with the arts) ranked fifth with 

a percentage of (6.5%). The domain (Caring for Emotional Aspects) ranked 

penultimate was with a percentage (3%). The domain of (Mathematics Beauty 

Standards) ranked last with a percentage (1%). 
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Table 4. Summary of the Mathematics Books Results from Analysis for the Sixth-

Grade at Primary School According to the Aesthetic Approach 

No. Domain Semester 

Average 

Frequency 

of Domain 

Percentage 

of Domain 

Average 

Percentage 

of Two 

Classes 

Availability 

Level 

1 

Unification of 

the science 

structure 

 

First 59 56% 

57.5% 
medium 

level second 55 59% 

2 

Emphasis on 

major 

concepts 

First 91 87% 

84.5% high level 
second 77 82% 

3 

Introducing 

mathematics 

in an 

integrated 

manner 

First 43 31% 

32.5% low level 
second 43 34% 

4 

Connecting 

mathematics 

with the arts 

First 20 14% 

17% 
very low 

level second 25 20% 

5 
Emotional 

care 

First 22 11% 
11.5% 

very low 

level second 22 12% 

6 

Considering 

the mental 

level 

First 105 53% 

56% 
medium 

level Second 91 59% 

7 

mathematics 

beauty 

standards 

First 5 5% 

2.5% 
very low 

level second 0 None 

The average of the aesthetic approach foundations in the sixth-

grade books of primary school 
37.3% low level 

 

It is clear from Table 4 the frequencies of the aesthetic approach indicators in 

mathematics books for the sixth grade at primary school, and their percentages 

concerning some lessons in the book where the percentage of all domains reached 

(33.07%), and the domain (emphasis on major concepts) came first with a 

percentage of (84.5%). Then, in the second place, the domain of (unifying the 

science structure) was with a percentage of (57.5%) and ranked third in the domain 

of (observing the mental level) with a percentage (56%). The domain (providing 

mathematics in an integrated manner) ranked fourth, with a percentage of (32.5%). 

Then the domain (linking mathematics with the arts) ranked fifth with a 

percentage (17%). The domain (Caring for Emotional Aspects) ranked was with a 

percentage of (11.5%). The domain of (Athletic Beauty Standards) ranked last 

with a percentage of (2.5%). 
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Table 5. Summary of the Mathematics Books Results from Analysis for the Higher 

Grades at the Primary Stage According to the Aesthetic Approach 

No. Domain 

Percentage 

of the 

fourth-

grade 

books 

Percentage 

of the 

fifth-grade 

books 

Percentage 

of the 

sixth-

grade 

books 

Average 

percentage 

of higher 

grades 

books 

Availability 

Level 

1 
Unification of the 

science structure 
48.5% 52.5% 57.5% 52.8% medium level 

2 
Emphasis on 

major concepts 
72.5% 73.5% 84.5% 76.8% high level 

3 

Introducing 

mathematics in an 

integrated manner 

35% 38.5% 32.5% 35.3% low level 

4 

Connecting 

mathematics with 

the arts 

8.5% 6.5% 17% 10.6% very low level 

5 Emotional care 4.5% 3% 11.5% 6.3% very low level 

6 
Considering the 

mental level 
60% 56,5% 56% 57.5% medium level 

7 
mathematics 

beauty standards 
2.5% 1% 2.5% 2% very low level 

The average of the 

aesthetic approach 

foundations in the 

higher grades books of 

the primary school 

33.07% 33.07% 36.8% 34.47% low level 

 

As shown in Table 5, the results of analyzing the content of mathematics 

books for the higher grades at the primary stage, in general, demonstrated 

consistency in terms of the convergence of percentages for the availability of the 

aesthetic approach in mathematics books for each domain of the aesthetic 

approach between each grade of the higher grades at the primary stage. This 

consistency can be attributed to the spiral organization of the current (emphasizing 

the major concepts, taking into account the mental level, unifying the science 

structure, presenting mathematics in an integrated manner, linking mathematics 

with the arts, taking care of emotional aspects, standards of mathematical beauty). 

These results can be discussed as follows: 

The domain of emphasizing major concepts gained the top spot with 76.8 

percent and a high degree of availability, owing to the spiral organization of the 

mathematics curriculum. The major concepts are introduced in broad strokes first, 

followed by their comprehensive presentation at each level. This finding is 

consistent with Al-Maliki and Al-Riyashi (2019) and Khalil and Al-Suloli (2015) 
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about the order in which concepts are presented, and lessons are connected. 

However, there are certain inadequacies in the indication of conceptual and 

procedural knowledge due to publications focused exclusively on the procedural 

element. Concentrating on the procedural part of books affects the domain's 

availability in books, which is consistent with (Al-Ahmadi 2020). 

With a percentage of 57.5 percent and availability at an average degree, the 

realm of considering pupils' mental abilities came in second place. For the age 

stage, and by presenting information in ways that do not adequately account for 

the individual variances amongst pupils, the presentation does not stimulate the 

student's mental processes. This finding is consistent with (Al-Ahmadi 2020) and 

(Khalil and Al-Suloli 2015) findings that the Gradual presentation of mathematical 

concepts and ideas from the tangible to the abstract is missing in illustrations, 

representations, and real-world situations. 

The domain of unifying the science structure came in third place with a 

percentage of (52.8 percent) and a medium degree of availability. This result stems 

from the fact that mathematics textbooks presented the science structure in various 

ways, initially emphasizing the cognitive aspect and then practicing. As a result, 

scientists' activities decreased by 49%, while scientific values and ethics decreased 

by 10%, and this result is consistent with (Al-Tamimi 2017). 

The domain of integrated mathematics came in fourth place with a percentage 

of 35.4 percent and a low degree of availability. This finding is consistent with 

(Khalil and Al-Suloli 2015) regarding the lack of strong connections between 

mathematical concepts and other fields. However, the NCTM's School 

Mathematics Principles (NCTM 2000) emphasized the importance of mathematics 

in students' scientific and practical lives. 

- The domain of mathematics and the arts was ranked fifth, with a proportion 

of 10.7 percent and a very low degree of availability. This is due to a lack of 

interest in the content or activities that support the practice of mathematically 

related artistic activities and a lack of presentation of content for applications of 

mathematics in the arts that benefit students. This finding concurs with (Khalil and 

Al-Sulouli 2015) regarding the book's inclusion of activities. 

- The care of emotional aspects domain was ranked sixth with a percentage of 

4.9 percent and availability at a very low level, indicating the content's inability to 

pique students' enthusiasm and motivate them to learn mathematics through 

methods that simplify the subject rather than as an abstract cognitive subject. This 

finding is compatible with (Al-Maliki and Al-Ghamdi 2019), who assert that 

mathematics books have weaknesses, including the stories of historical scientists 

and their endeavors to build mathematics and activities with emotional purposes. 

- While the domain of Mathematical Beauty criterion attained the seventh and 

final position with a percentage of 2.2 percent and availability at a very low level, 

this is obvious by the absence of paragraphs explaining the Mathematical Beauty 

criteria in mathematics books. Mathematics incorporates aesthetic values, which 

may result from the emphasis on cognitive and skill development while building 

mathematics curricula; however, other research has stressed the aesthetic 

dimension's importance in mathematics (Sinclair 2009). 
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Recommendations 

 

Due to the spiral organization of the mathematics curriculum, the domain of 

emphasising major concepts took the top rank with 76.8 percent and a high degree 

of availability. The major concepts are introduced in broad strokes first, followed 

by a detailed discussion of each subject at each level. This finding is consistent 

with Al-Maliki and Al-Riyashi (2019) and Khalil and Al-Suloli (2015) about the 

sequencing concepts and lessons. However, there are some shortcomings in the 

indication of conceptual and procedural knowledge due to publications that are 

purely procedural in nature. Concentrating on the procedural portion of books 

affects the availability of the domain in books, which is compatible with Al-

Ahmadi (2020). 

The domain of considering pupils' mental talents came in second place with a 

percentage of 57.5 percent and availability at an average level. Due to the students' 

age stage and the fact that the information is presented in ways that do not 

appropriately account for individual differences among pupils, the presentation 

does not contribute to stimulating the students' mental processes. This study is 

consistent with Al-Ahmadi (2020) and Khalil and Al-Suloli (2015) findings that 

depictions, representations, and real-world scenarios lack a gradual presentation of 

mathematical concepts and ideas from the tangible to the abstract. 

With a proportion of 52.8 percent and a moderate degree of availability, the 

domain of unifying the science framework is placed in third place. This outcome is 

because mathematics textbooks presented the science framework in various ways, 

emphasizing first the cognitive part and later the practical aspect. As a result, 

scientists' activities declined by 49%, while scientific values and ethics declined by 

10%, a finding congruent with Al-Tamimi (2017). 

With a proportion of 35.4 percent and a low degree of availability, the domain 

of integrated mathematics is placed in fourth place. This study corroborates (Khalil 

and Al-Suloli 2015) the absence of strong linkages between mathematical notions 

and other domains. However, the NCTM's School Mathematics Principles 

(NCTM 2000) emphasized mathematics' role in students' scientific and practical 

lives. 

- Mathematics and the arts were ranked fifth, with a share of 10.7% and a 

very low degree of availability. This is due to a lack of interest in the content or 

activities that promote mathematically linked creative activities and a dearth of 

content relating to mathematical applications in the arts that benefit students. This 

conclusion is consistent with Khalil and Al-Sulouli (2015) about the inclusion of 

activities in the book. 

- The care of emotional aspects domain was ranked sixth with a percentage of 

4.9 percent and availability at an extremely low level, indicating the content's 

inability to pique students' enthusiasm and motivate them to learn mathematics 

through simplified methods rather than as an abstract cognitive subject. This 

finding is consistent with Al-Maliki and Al-Ghamdi (2019) who say that 

mathematics books have flaws, including historical scientists' stories and their 

efforts to develop mathematics and activities for emotional reasons. 
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- While the domain of Mathematical Beauty criterion was ranked seventh and 

final with a percentage of 2.2 percent and availability at a very low level, this is 

evident by the absence of paragraphs explaining the Mathematical Beauty criteria 

in mathematics books. Mathematics integrates aesthetic values, resulting from the 

emphasis placed on cognitive and skill development while developing mathematics 

curricula, but other studies have emphasized the importance of the aesthetic 

dimension in mathematics (Sinclair 2009). 

 

 

Suggestions 

 

The researchers suggest the following studies: 

 

(1) Evaluating and developing mathematics curricula according to the 

aesthetic approach in general education stages. 

(2) Comparative studies to analyze mathematics textbooks for the primary 

and intermediate levels in Saudi Arabia and developed countries with 

the TIMSS results. 

(3) Evaluating the teaching performance of mathematics teachers in general 

education stages according to the aesthetic approach.  
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