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Int roducti on

Our results presented below are based on research presettedMiT
Conference in 197(ereinafter referred to ¢MIT Conferencel970]. We then
produced two dimensional (2D) polycrystals by Centroidal Vorono{CV)
iteration. Polycrystalshave been shown to consist of grains and a 5/7 (pentagon/
heptagon) dislocatianAt the same conference, Cyrill Smith describbenges of
grairsin a polycrystal, [Smith 1970].

The issue discussed below belpertainsto the mathematical problems of
padking, i.e.the optimal arrangement of objects in a container. In our case, it is
about the possibly ordered arrangement of atoms in the crystal lattice.
Optimization is carried out using a geometrical version of the successive
approximation method, knows ¢ghe Voronoi iterative method.

Voronoi Polygonsand its Dual Triangulations

The Voronoi polygon(VP) consists of all points of the plane closerato
given center than to any other cen{@&oronoi 1909) In practice, we divide the
segments connectintpe adjacent centers in half, run perpendiculars to these
segments at the dividing points and connecting them we getsé@d-ig.1The
dislocation pentageheptagon (5/7 pair) is the smallestpr of Eul er 6s
law, [Cahn 1970].

The dual to the/oronoi polygons is the Delone triangulation, in which the
vertices are connected by triangle edges tighbeuring vertices, see Fig.2
[Delaunay 1934].

In Plato'sTimaeus symmetrical polyhedra are described, among which the
dodecahedron and theosahedron are related by the duality relatiomhe
dodecahedron is made of 12 equilateral pentagdfonas a dual triangulation with
an icosahedron made of 20 equilateral triangles.
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Figure 1.(a) Some arrangement of scattered centers (e.g. atoms) in the plane. (b) Voronoi
polygons (in red) correspond to the arrangement in (a): points inside a Voronoi polygon
are closer to its center than to any other cenrfe 5/7 pairis visiblein the midde of the

figure (b)
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Method

Centroidal VVoronoiterations

Centroidal Voronoi (CV) iteration methodconsists of three steps; 1:
determining centroief VP, 2: constructing new VRom centroidal centers3:
goto 1. CV wasfirst presentedat theconferenceon Computer Films for Physics,
Boulder Colorado 197&lso [Lissowski Wojnar2001]
These iterations lead toore regulaclose packing of 5, &nd 7 (penta hexa
and septagons)sradually the number of 5/7 dislocations is decreasing, and in
consequence the grains of 6 (hexagons) are growing.

Grain Boundaries

The polycrystal consists of grains, and the grains are matie eduilateral
triangleswith similar sidedirectionsmodulo 60° The dislocation pairs 5/7 are
aligned alonggrainboundarie¢GB), Fig. 3,[Gleiter, Lissowskil971]. Sometimes
three boundaries medttdple junctions



=

© oo ~NO O h~hW

10
11

12
13
14
15
16
17
18
19
20
21

205HA AY-BATI29 UN 2023

Figure 3. In this example he grain boundary consists of successive pairs of 5/7s
separated by a transverse pair of twd@keiter, Lissowski 1971]

Colouring

We use the saturatealur Circle (CC),see Figd.

Figd€elro circle

showimgs fully

saturated

A colour from this Circle is assigned to each edgdrangle, depending on
the direction of the edge, measured modulo 60°. Tthascolours repeat every
600 cf. Fig5.

Of course, one can assign any coltmthe zero direction (for example, the
direction of the abscissa), and then consistently assign colours to other directions
in the order in the CC.

Figure 5. Correspondence of directions and colours. The entire range of colours
is within an angle o60°, and the colours repeat modulo 60 this case the
direction zero degrees is attributedidtue
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Figures 6 and 7 show exampke of crystallization. The change in
crystallization directions of adjacent graingpreportional to the 5/7 dislocation

density at the boundary between these grains.

Description of 2D polycrystal

1
2
3
4

Figure 5. An example of crystallization by the CV iteratidBisick circles denote
pentagons (5) and white circles denote heptagone€kains of 5/7 dipoles mark
grain boundariesThe boundaries are more pronounced the denser the dipoles

5
6
7
8
9

appear Note that dipoles on grain boundaries are always arranged in one

direction, and the fives are always close to the sevens
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Instead of colaring only the edges of the trianglesecan colarr eachentire
triangle with theaveragecolour of its 3 edgesExamples of suchcolouring can be

seen in Fig7 and 8
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Figure 7. Each triangle of the Delone triangulation is obtaining teerage
colour of its edgesDipoles 5/7 stand out with a different colour, and define grain
boundaries
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Figure 8. Another example afrystallization in which &ch triangleis coloured
with the average colour of its edges

Colour film

Assigning the blue colour to the zero angle, as in%;ig arbitrary.Onecan
assign, for examplegreen Fig. 9, or any other colouas long as one keeps the
order of the colours as on the Col@ircle. One can make a movie this way.



