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Beyond Euclidean: A Conceptual Review of Distance
Metrics and Dissimilarity Measures in Contemporary
Machine Learning

This paper presents a broad conceptual review of distance metrics and
dissimilarity measures fundamental to the field of Machine Learning (ML). While
ubiquitous algorithms like k-nearest neighbours, clustering methods, and support
vector machines heavily rely on measuring similarity, the default choice of the
Euclidean distance often obscures a deeper, application-specific consideration of
data geometry. We aim to provide a broad perspective across diverse data types
and domains, moving from classical vector norms to covariance-aware, angular,
temporal, topological, probabilistic, image-based, and manifold-aware
measures. Beyond a simple catalogue, we address several theoretical
implications in the ML pipeline. These include the relationship between distance
metrics and positive definite kernels, distance metric learning as a subfield
dedicated to learning task-specific metrics, latent space fidelity as a way to
analyse what distances in low-dimensional latent spaces reveal about semantic
separation in the observed space, induced metrics arising from feature maps and
learned representations, identifiability of distances as an advanced perspective
on latent geometry, and computational complexity aspects. Ultimately, this paper
argues that researchers and practitioners should critically evaluate the
underlying geometric assumptions in their models, and that the selection of the
appropriate distance metric is, in fact, an explicit modelling decision.

Keywords: Distance Metrics, Dissimilarity Measures, Similarity Learning,
Machine Learning Geometry, Metric Learning

Introduction

Distance measures are central to the conceptual and operational foundations of
Machine Learning. Many widely used algorithms, such as k-nearest neighbours,
clustering methods (e.g., k-means), and support vector machines, rely explicitly or
implicitly on the notion of similarity between data points. Applied clustering studies,
including fuzzy cluster analysis of educational data, illustrate how the chosen
similarity structure shapes the resulting grouping (Bedalli & Ninka, 2015). In
practice, however, the Euclidean distance is frequently used as a default choice,
often without critical examination of its suitability for the data at hand.

Formally, a distance metric d: X X X — R satisfies four properties for all
xX,¥,Z€X:

d(x,y) =0 (D)
dx,y)=0ex=y (2)
d(x,y) =d(y,x) 3)
d(x,z) <d(x,y) +d(y,z) 4)

These correspond to non-negativity, identity of indiscernibles, symmetry, and
the triangle inequality. A dissimilarity measure, also called generalised metric, may
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relax one or more of these conditions. A divergence is often understood as a non-
negative dissimilarity that vanishes exactly when the two inputs are identical,
although the term is used somewhat differently across fields. A distance that relaxes
(2) is a pseudometric. One that relaxes (3) is a quasimetric. One that relaxes (4) is a
semimetric. Dissimilarity measures allow for greater flexibility in modelling
complex data relationships. This distinction is particularly relevant in modern ML
applications, where data often reside in structured, high-dimensional, or non-
Euclidean spaces.

A growing body of research highlights that the choice of distance metric
fundamentally shapes the geometry of the data space and, consequently, the
behaviour of learning algorithms (Kaya & Bilge, 2019). This has led to the
development of Distance Metric Learning (DML) (Sudrez et al., 2018), which seeks
to learn task-specific distance functions directly from data.

Comprehensive mathematical catalogues of distances, such as the work of
Deza and Deza (Deza & Deza, 2016), provide a broad reference for definitions,
properties, and examples across many areas. Recent guides also provide broad
overviews of similarity measures and their data-science applications (Levy et al.,
2025). The present review has a different focus: it does not aim to catalogue
distances exhaustively, but to explain how metric choice operates as a modelling
decision in contemporary ML pipelines, including kernel methods, learned
embeddings, latent spaces, induced geometries, and practical evaluation settings.

A well-known phenomenon in high-dimensional spaces is the distance
concentration effect, where the relative contrast between nearest and farthest
neighbours diminishes as dimensionality grows (Aggarwal et al., 2001). This
undermines the intuitive meaning of proximity and helps explain why Euclidean
distance can become unreliable for nearest-neighbour search, clustering, and related
distance-based methods. Section 2 revisits this effect when discussing classical
vector norms.

Several theoretical considerations arise when selecting or designing a distance
metric:

¢ Kernel Compatibility: The formal relationship between distance measures
and positive definite kernels, which determines their compatibility with
kernel methods.

e Metric Learning: The mechanism for learning optimised distance metrics
directly from data distributions.

e Latent Space Fidelity: The fidelity of distances within learned, low-
dimensional latent representations.

e Induced Geometries: The role of explicit feature transformations in
inducing entirely new geometric structures.

e Scale-Invariance: The mathematical handling of distances within
projective spaces where vectors exhibit inherent scale-invariance.

¢ Identifiability: The identifiability of learned representations, ensuring that
an inferred geometry is uniquely determined rather than an artefact of
optimisation or parametrisation.
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The remainder of this paper is structured as follows. Section 2 presents a
taxonomy of distance metrics and dissimilarity measures across domains. Section 3
discusses theoretical implications, including kernel connections, metric learning,
latent space representations, geometric transformations, and identifiability.
Section 4 addresses practical computational constraints and limitations to have in
mind regarding each distance. Section 5 translates these themes into practical
selection criteria, and Section 6 concludes.

Classical and Specialised Distance Metrics
Classical Vector Norms

The most fundamental class of distance metrics arises from the Minkowski L,

norm:
1
P
Ix—yl,= Z|xi_yi|p : )
i

Special cases of this formulation include the Euclidean (L), Manhattan (L,),
and Chebyshev (L, ) distances. These metrics differ in how they aggregate
coordinate-wise differences, leading to distinct geometric interpretations. For
example, Euclidean distance assumes isotropy, while Manhattan distance is more
robust for outlier detection or when working in high-dimensional sparse settings
(Zhou et al., 2025). Figure 1 visualises these differences through the boundaries of
the corresponding unit balls.

Despite their simplicity, these norms implicitly assume that features are
independent and equally scaled. This assumption is rarely satisfied in real-world
datasets, where correlations and heterogeneous feature scales are common.
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Figure 1. Boundaries of L,, unit balls in R2. The L, boundary is diamond-shaped,

reflecting Manhattan distance. The L, boundary is circular and isotropic. The L,
boundary is square, reflecting dependence on the largest coordinate-wise
difference. The dashed p < 1 curve illustrates a non-convex quasi-norm shape, for
which the triangle inequality no longer holds

N
N\

-1 0 1
X1
p <1 quasi-norm == |, [ Euclidean
L, / Manhattan L. / Chebyshev

The limitations of these classical norms become especially visible in high
dimensions. As dimensionality increases, most pairwise Euclidean distances can fall
within a narrow range, reducing the relative contrast between near and far points.
This phenomenon can be understood through concentration of measure. For
example, in a high-dimensional Gaussian distribution, probability mass concentrates
in a thin shell at radius approximately v/d rather than near the origin. In such
settings, almost all sampled points lie at nearly the same distance from the centre
and, by extension, from each other. The result is that proximity becomes less
informative for methods such as nearest-neighbour search and clustering.

Figure 2 illustrates this effect empirically. The plot was generated by drawing
45,000 samples from standard Gaussian distributions X ~ N(0,1;) for
dimensions d € {2,10,50,200} , computing the Euclidean radius || X II, and
normalising it by Vd . As d increases, the distribution of Il X II/+/d becomes
increasingly concentrated around one, making the thin-shell geometry visible.
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Figure 2. Concentration of measure for high-dimensional Gaussian data. For X ~

N(0,1y), the radius | X || concentrates near Nd. After normalisation by \d, the
empirical distribution of radii collapses into an increasingly thin shell around one.
This is the geometric intuition behind the “soap bubble” analogy: most mass lies
near a shell rather than near the origin, making relative notions of near and far less
informative in high dimensions
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Covariance-Aware Metrics

The Mahalanobis distance generalises the Euclidean distance by explicitly
incorporating the covariance structure of the data:

Dy (x,y) = (x— )2 (x — y). (6)

Unlike the Euclidean distance, which assumes that all features are uncorrelated
and equally scaled, the Mahalanobis distance accounts for both variance and
correlation between features through the covariance matrix . Given observations

. 1 . . . .
Xq, ..., Xn With sample mean u = - Y21 X;, this covariance is commonly estimated

as

1

¥ =
n—1

> - w@ -, )

In practice, this means that differences along directions with high variance are
considered less informative and are therefore down-weighted, while differences
along low-variance directions are amplified. Intuitively, this reflects the idea that
variation commonly observed in the data should contribute less to the notion of
dissimilarity than rare or atypical variation.
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Figure 3. Mahalanobis distance contours for different covariance structures. While
Euclidean distance treats all directions equally, Mahalanobis distance rescales and
rotates the effective geometry according to the covariance matrix ¥, down-
weighting high-variance directions and amplifying low-variance directions.

-1 0 1

s X ;
=== Euclidean baseline, Z =/
Correlated covariance
Rotated covariance

Geometrically, this induces a transformation of the feature space in which the
data is linearly transformed so that the covariance becomes the identity matrix. In
this transformed space, the Mahalanobis distance reduces to the standard Euclidean
distance. Consequently, distance contours that are spherical under Euclidean
distance become ellipsoidal in the original space, aligning with the principal
directions of the data distribution. This makes the Mahalanobis distance particularly
suitable for anisotropic data, where the assumption of isotropy is violated. Figure 3
illustrates this covariance-aware deformation of distance contours.

The Mahalanobis distance plays a central role in statistical modelling, anomaly
detection, and classification. For example, in multivariate Gaussian models, it
naturally arises in the exponent of the likelihood function and is therefore directly
linked to probabilistic interpretations of distance. In anomaly detection, points with
large Mahalanobis distance from the mean are considered outliers relative to the
underlying distribution. Furthermore, in Distance Metric Learning (DML), many
approaches aim to learn a matrix M = £~ (or a related positive semi-definite
matrix), thereby adapting the geometry of the space to optimise task-specific notions
of similarity (Weinberger & Saul, 2009).

Several extensions have been proposed. The local Mahalanobis distance
(Ghosh et al., 2025) adapts the matrix M depending on the region of the space,
allowing for non-linear and heterogeneous data structures. Similarly, kernelised
Mahalanobis distances implicitly define such transformations in high-dimensional
feature spaces via kernel functions, bridging the gap between metric learning and
kernel methods (Scholkopf et al., 2001). These extensions illustrate that the
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Mahalanobis distance is not a single isolated metric but rather a representative of a
broader class of geometry-aware distances that adapt to the structure of the data,
either through statistical estimation or learning.

Cosine Similarity, Angular Distance and Pearson’s Distance

Cosine similarity measures the directional alignment between two non-zero
vectors X,y € R<:

x-y

Scos(X,y) = cosf = ———.
cos(%,¥) Tyl

(8)

As a similarity score, S, reflects angle rather than magnitude. A common
dissimilarity derived from it is the cosine dissimilarity

Deos(x,¥) = 1 — Scos(X,Y), €))

but D, 1s not a true metric because it can violate the triangle inequality. When
vectors are normalised to unit length (|l x [=Il y lI= 1), Euclidean distance is
proportional to cosine similarity via

Ix =y 1= y2(1 = Scos (X, ¥)), (10)

so cosine-based comparisons can be viewed as chordal or angular constraints on a
spherical manifold.

The Pearson (correlation) distance is a centred analogue of cosine dissimilarity
and accounts for mean offsets. Using the vector means X and y, the mean-adjusted
vectors are X — X and y — y. The Pearson (correlation) distance can be written as

@m0 -y
Ilx=xIlly—=yI

Deorr(x,y) = 1 (11)

Cosine- and correlation-based measures are particularly useful in high-
dimensional embedding spaces (e.g., word and sentence embeddings (Mikolov et
al., 2013; Pennington et al., 2014; Reimers & Gurevych, 2019)) because they
emphasise angular relationships and are less sensitive to variations in vector norms.
Directional high-dimensional models, such as discriminant analysis with the von
Mises-Fisher distribution, provide a statistical example in which angular structure is
central rather than incidental (Romanazzi, 2014). The choice among raw cosine
similarity, angular distance, or Pearson distance should be guided by whether
magnitude, absolute direction, or mean-centred pattern is most relevant to the task.
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Point Cloud Dissimilarity

Before considering finite point cloud losses, it is useful to recall a classical
distance between sets. Given a pointwise Minkowski norm |||, the distance from

a point x to a non-empty set Y is D,,(x,Y) = inf,ey | x — ¥ Il,. This induces the
Hausdorft-type set distance

D;Ip) (X,Y) = max {supr (x,Y), supD, (¥, X)}. (12)
XEX yey

For non-empty compact sets this is a genuine metric, and it is not restricted to
finite point clouds. For finite point sets, however, it is governed by the worst nearest-
neighbour discrepancy, making it highly sensitive to outliers (Deza & Deza, 2016).

For comparing unordered 3D point sets, a common alternative is the Chamfer
distance. Such point-set comparisons are central in 3D reconstruction settings,
including object reconstruction pipelines and broader surveys of deep-learning-
based architectural reconstruction (Enesi & Kuqi, 2023; Gorjian et al., 2025). Given
two point sets X and Y, it measures bidirectional nearest-neighbour discrepancies:

— : _ 2 : ) 3 2
Dcp(X,Y) —erxglel;l lx—yll +Zerglel)r(1 Il x—yll“ (13)

Intuitively, this measure penalises each point in one structure based on its
closest counterpart in the other structure, capturing local geometric consistency
without requiring explicit point correspondences. Naively, the nearest-neighbour
searches require comparing all pairs of points, although spatial indexes or
approximate search can reduce the practical cost. This makes it computationally
efficient relative to full optimal transport and well-suited for large, unordered point
clouds. Recent variants also attempt to learn or reweight Chamfer-style matching
costs for point cloud reconstruction tasks (Huang et al., 2024). In the form given
above, the Chamfer quantity is best understood as a dissimilarity measure rather
than a metric in the strict axiomatic sense. In particular, the nearest-neighbour
assignments are recomputed independently for each pair of point sets, so the
resulting quantity does not in general satisfy the triangle inequality.

However, because the Chamfer distance relies purely on nearest-neighbour
matching, it is primarily sensitive to local geometric deviations and does not
explicitly encode global structural relationships. As a result, it may assign low
distances to structures that share similar local features but differ significantly in their
overall fold or global topology.

An alternative to the Chamfer distance is the Earth Mover’s Distance (EMD),
apoint-set dissimilarity grounded in optimal transport theory (Peyré & Cuturi, 2019;
Villani, 2009). To compare two point sets, EMD treats them as discrete distributions
of mass rather than as collections of independent nearest-neighbour queries. Let
X = {x;}iz1 and Y = {y;}}-,. Assign non-negative weights a; > 0 to the points of
X and b; > 0 to the points of Y, with }}; a; = X.; b; = 1. These weights specify
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how much mass is located at each point. Also let c(x;, y;) = 0 be the ground cost
of moving one unit of mass from x; to y;.
The admissible transport plans are collected in

H(a, b) = {77.' € ]Rgbxnlz;lzl T[ij = a;, Zﬁl T[ij = b]} (14)

Thus each coefficient 7r;; = 0 specifies how much mass is transported from x; to
yj» while the row and column constraints ensure that all mass from X is sent and all

mass required by Y is received. With these definitions, EMD is the minimum total
transport cost

Dgmp(X,Y) = nerlill(igb) Xitq Z?=17Tij c(xi, ¥, (15)

so the distance reflects a globally optimal redistribution rather than a set of local
nearest-neighbour decisions. If we define the ground cost as c(x, y) =ll x — y P,
we obtain the common formulation of the discrete Wasserstein distance:

1/p

In this sense, EMD is the optimal transport formulation underlying
Wasserstein-type distances. In common usage, EMD often refers specifically to the
W, case with ground cost || x —y ||. Optimal transport ideas have also been
extended beyond Euclidean ground spaces, for example to tropical geometric
settings where Wasserstein-type distances are defined on tropical projective spaces
(Lee et al., 2022).

In protein backbone comparison, for example, each structure can be represented
as a point set of 3D coordinates, typically corresponding to Ca atoms. Chamfer
distance can provide a simple geometric baseline, but biologically meaningful
similarity often depends on global fold, alignment, and length normalisation rather
than local nearest-neighbour proximity (Zhang & Skolnick, 2004).

Information-Theoretic Measures for Probability Distributions

When the objects to be compared are probability distributions rather than
individual data points, classical vector-space metrics are generally not applicable.
Instead, a family of information-theoretic divergences and distances has been
developed to quantify distributional discrepancy.

The Kullback—Leibler (KL) divergence (Cover & Thomas, 2006; Kullback &
Leibler, 1951) measures the information lost when a distribution Q is used to
approximate a reference distribution P:

Pe)
upp(P) P (x)logQ(x) dx. (17)

D (P I1Q) = fs
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To ensure the integral is well-defined, it is assumed that the support of P is
contained within the support of Q ( supp(P) S supp(Q) ). Otherwise, the
divergence becomes infinite. It answers the question: how much additional
information is required to encode samples from P using a code optimised for Q ?
Crucially, D, is not a metric: it is asymmetric (Dgp, (P Il Q) # Dk (Q Il P)) and
unbounded, which limits its use in settings that require a proper distance structure.

The Jensen—Shannon (JS) divergence (Lin, 1991) remedies the asymmetry of KL
by measuring how far P and Q each deviate from their mixture M = 1/2 (P + Q):

Dis(P 11 Q) =3 Diw.(P Il M) + 5 Dr(Q Il M). (18)

The JS divergence is symmetric and bounded in [0,1] (when using the base-2
logarithm), and its square root satisfies the triangle inequality, making it a true
metric. It finds widespread application in generative modelling and natural language
processing.

The Hellinger distance (Hellinger, 1909) is defined as

Du(P,Q) = IVP = /Q Il (19)

Here VP and \/5 denote the pointwise square-root representations of the two
distributions. For discrete probability vectors P = (py) and Q = (qy), this is

Du(P, Q) = (3 (Vox = Vax) )

The square-root transformation embeds probability distributions into a
Euclidean geometry in which ordinary ¢, distance becomes a bounded statistical
distance. The Hellinger distance is therefore a genuine metric that is symmetric,
bounded in [0,1], and particularly robust for comparing distributions with differing
supports. It 1s often preferred over the KL divergence in practical data-science
applications, for instance in the presence of class imbalance, because it does not
diverge when one distribution assigns zero probability to events that the other does
not. Figure 4 contrasts this bounded behaviour with the unbounded growth of KL
divergence in a simple two-outcome case.

The Wasserstein distance extends the optimal-transport perspective introduced
for point sets in Section 2.4 to probability distributions. Unlike KL, JS, and
Hellinger distances, which compare probability mass through density values,
Wasserstein distance also uses a ground metric on the sample space. It therefore
measures how much work is required to move the mass of one distribution into the
other. Formally, the p-Wasserstein distance is

1/2
. (20)

_ 1/p
WP, Q) = jnf [ =y 1P dyey) en

10
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where ['(P, Q) denotes the set of all couplings of P and Q (Peyré & Cuturi, 2019;
Villani, 2009). The W, distance, often referred to as the Fréchet distance in the
context of feature distributions, is of particular practical importance: it underlies the
Fréchet Inception Distance (FID), a standard evaluation metric for generative image
models (Heusel et al., 2017). A key advantage of the Wasserstein distance over KL
and JS divergences is that it can remain meaningful even when two distributions
have little or no overlap in support, a common situation in high-dimensional
generative modelling. The trade-off is computational: exact optimal transport can
be expensive for large empirical distributions.

Figure 4. Comparison of KL divergence and Hellinger distance in a two-outcome
example. Let P(A) =1 and Q(A) = q. As q approaches zero, Dg (P Il Q) =

log(1/q) diverges, while Dy(P,Q) = /1 - \/E remains bounded by one. This

illustrates why bounded distances can be more stable than KL divergence when
distributions assign very different probability mass to the same event

14 - D (PIQ)

KL diverges as Q assigns s Dy(P, Q)
vanishing mass to A

12 - —

10 -

Value

Hellinger remains boundet

0A o g o g N tor g tor )

10°° 107° 104 1027 102 1071 10°
g =Q(A), with P(A) =1

Together, these measures span a spectrum of trade-offs between theoretical
rigour, computational tractability, and sensitivity to distributional properties, and the
appropriate choice depends heavily on the application at hand.

Topological Data Analysis
Topological Data Analysis provides a framework for characterising the shape
of data by tracking the birth and death of topological features (connected

components, loops, and voids) across a range of scales (Chazal & Michel, 2021).
This range is usually organised as a filtration, meaning a nested sequence of spaces

11
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built by gradually increasing a scale parameter, for example by connecting points
that lie within a growing distance threshold. These features are summarised in a
persistence diagram D, a multiset of points (b, d) € R? with b < d, where b and
d denote the birth and death scales of a topological feature respectively. Comparing
two such diagrams requires metrics that respect this combinatorial structure. The
two most widely used are the bottleneck distance and the diagram Wasserstein
distance. The latter uses the same optimal-matching intuition as the transport
distances discussed in Section 2.4 and Section 2.5, but the objects being matched
are topological features in persistence diagrams rather than mass elements in the
original data space.

The bottleneck distance between two persistence diagrams D; and D, is
defined as

Do (D1, D,) = infsup | x — (%) lleo, (22)

XED]_

where the infimum is taken over all bijections n: D; = D,, with points on the
diagonal {(a,a):a € R} included in both diagrams to account for unmatched
features. The bottleneck distance is thus governed by the worst-case
correspondence: it records the largest displacement required to match any single
feature across the two diagrams. This gives it strong stability guarantees under small
perturbations of the filtration, but also means that a single large unmatched feature
can dominate the distance.

The q -Wasserstein distance on persistence diagrams generalises this by
aggregating the cost over al/l matched pairs:

1/q
Duy(D1,25) = (if Exen, I1x =0 13) 3)

where again the infimum ranges over bijections that allow matching to the diagonal.
In the limit g — oo one recovers the bottleneck distance, while finite g penalises the
total transport cost across the entire matching.

Crucially, the use of the term “Wasserstein” here refers to a discrete optimal
assignment problem between point sets (extending the perspective of Section 2.4)
rather than the comparison of probability distributions detailed in Section 2.5. While
both formulations share the foundational concept of minimising a global transport
or matching cost, the diagram Wasserstein distance operates directly on the
combinatorial structure of persistence diagrams, preserving its status as a proper
metric without requiring an information-theoretic or probabilistic framework.

Figure 5 illustrates this construction on a small synthetic experiment. We
sampled two noisy point clouds in the plane: one annular cloud with a single central
hole and a second cloud formed from two separated annular components. A
Vietoris—Rips filtration was then built by increasing the distance threshold at which
sampled points are connected, and the resulting one-dimensional persistence
diagrams were computed from the birth and death of loops. The plotted points retain
features with persistence greater than 0.025, so short-lived near-diagonal

12
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fluctuations are suppressed while the dominant holes remain visible. The bottleneck
and diagram Wasserstein distances are then obtained by optimally matching these
diagram points, allowing unmatched features to be assigned to the diagonal.

Figure 5. Persistence diagrams for two noisy annulus-like point cloud examples. The
top row shows the sampled point clouds: one annular cloud with a single hole and a
second cloud containing two separated annular components. The bottom row shows
the corresponding H, persistence diagrams after filtering to features with persistence
greater than 0.025. The single-annulus example has one dominant off-diagonal
point, while the double-annulus example has two dominant off-diagonal points. The
displayed bottleneck and W, diagram distances summarise the cost of optimally
matching these topological features, including possible matches to the diagonal

Situation A: noisy annulus Situation B: noisy double annulus
1.5~ 15 -
1.0~ 1.0 -
0.5- 0.5 -
< oo0- < o00-
—05- -0.5-
-1.0-
-1.0-
ll I 1 715 - 1 ] ' ' ] ] ]
-1 0 1 -3 -2 -1 0 1 2 3
X1 X1
H, persistence diagram: one hole H; persistence diagram: two holes
2.0- 2.0-
bottleneck distance =0.46
215 W, diagram distance =0.63 9 1.5-
5 features with persistence >0.025 Eln
e c
< r=
T 10- £ 10-
v (7]
o o
0.5 - 0.5
0.0+ ! ! , | 0.0+ ! ! ! !
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

birth radius birth radius

Both distances are stable with respect to small perturbations of the underlying
data: a small change in the input filtration induces a correspondingly small change
in the persistence diagram under either metric. This stability property is a
cornerstone result of Topological Data Analysis and underpins the practical utility
ofthese distances in noisy settings. Furthermore, both metrics are invariant to certain
geometric transformations, such as rigid motions, provided the filtration is defined
in a transformation-invariant manner. These properties make persistence-diagram
distances well suited to applications in computational geometry, material science,
and biological shape analysis, where data exhibit complex global structure that local,
point-wise metrics fail to capture.

Temporal Alignment

Standard point-wise distances, such as the Euclidean distance, are ill-suited for
comparing time series that exhibit temporal misalignment: two sequences that are

13
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otherwise identical but shifted in phase, or scaled in speed, will incur a large
Euclidean distance despite being semantically similar. Dynamic Time Warping
(DTW) (Sakoe & Chiba, 1978) addresses this limitation by seeking an optimal non-
linear alignment between two sequences before measuring their discrepancy.
Figure 6 shows how DTW avoids the misleading point-wise mismatch produced by
a simple Euclidean comparison.

Formally, let x = (x4, ..., xp,) and ¥y = (¥4, ..., ¥n) be two time series. A
warping path W = (wy, ..., Wg) is a sequence of index pairs wy = (i, jr) €
{1,...,m} x {1, ..., n} satisfying:

e Boundary conditions: w; = (1,1) and wg = (m,n).
e Monotonicity: i, < 41 and ji < ji4q forall k.
o Step continuity: i, — i < 1and jry1 — ji < 1 forall k.

The DTW distance is then defined as the cost of the optimal warping path:
Dprw(x,y) = min YR D (x5 ¥i)s (24)

where D(-,-) is a local distance measure, typically the squared or absolute
difference. This optimisation is solved exactly in O(mn) time via dynamic
programming, making DTW tractable for moderate sequence lengths.

The warping path encodes a many-to-one alignment: a single time step in one
sequence may be matched to multiple consecutive steps in the other, allowing DTW
to absorb differences in speed, rhythm, or phase that would otherwise inflate a point-
wise distance. It should be noted, however, that DTW does not satisfy the triangle
inequality in general and is therefore a dissimilarity measure rather than a true
metric.

Figure 6. Euclidean matching versus Dynamic Time Warping for two shifted time
series. A point-wise Euclidean comparison aligns samples at the same time index, so
phase shifis create large apparent discrepancies. DTW instead allows a non-linear
warping path, aligning similar signal shapes even when they occur at different times

Euclidean: fixed index-to-index matching DTW: non-linear temporal alignment

RMSE =0.61 average DTW cost =0.12

| ' ] | ! ] | | ! ] | ! ! '
0 1 2 3 4 5 6 0 1 2 3 4 5 6
time index series x shifted series y time index
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DTW has found widespread application across domains where temporal
structure is central: in speech recognition it enables robust comparison of utterances
spoken at different rates. It has also been used for pattern discovery in time series
databases, approximate matching in vocal-music retrieval and scoring, and analogy-
based pandemic forecasting (Berndt & Clifford, 1994; Ye, 2026; Zhang & Ji, 2026).
In bioinformatics it aligns gene-expression time courses or electrocardiographic
signals. In finance it measures the similarity of price trajectories that may lead or lag
one another. These diverse use cases illustrate that DTW is not merely a technical
fix for phase misalignment, but a principled modelling choice reflecting the belief
that when events occur matters less than whether they occur and in what order.

Discrete and Set-Based Metrics

Continuous vector-space distances are not meaningful when data are inherently
discrete (binary strings, categorical feature vectors, sets of tokens, etc.) and
dedicated metrics are required. Three measures are particularly prominent in this
setting.

The Hamming distance between two sequences x,y € X" over an alphabet X
counts the number of positions at which the two sequences disagree:

Dy(x,y) = Xiz1 1 [x; # yil. (25)

For binary strings this reduces to the number of bit-flips required to transform
one string into the other, which coincides with the L; norm on {0,1}". The
Hamming distance is a true metric and forms the foundation of classical error-
correcting codes, where the minimum Hamming distance between codewords
determines the error-detection and correction capacity of a code. In machine
learning it is widely used for comparing categorical feature vectors and hashed
representations. Generalised Hamming-type distances have also been proposed
when near misses or structured symbol relabellings should receive partial credit
rather than being counted as exact mismatches (Bookstein et al., 2002; Liu & Na,
2025). In perceptual hashing, recent work has similarly argued that plain Hamming
distance can miss spatial structure in image hashes (McKeown, 2025).

The Hamming distance can be applied to text when strings are represented as
equal-length sequences of discrete characters. More general string dissimilarities are
provided by edit distances (Deza & Deza, 2016), which measure the minimum
number or cost of operations required to transform one string into another. A widely
used example is the Damerau—Levenshtein distance, defined recursively as:

Dap(i,7)
0 ifi=j=0,
Da’b(i—l,]’)-l-l ifi > 0,
= min Da,b(i»j -D+1 ifj >0, (26)

Da,b(i -1,j—-1D+ 1(ai¢b]-) ifi,j >0,
Dap(i—2,j—2) + (g, ifi,j>1anda;=bj,anda;y = b,
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with 14, - b)) being the indicator function equal to 0 when (a; = b;) and equal to 1

otherwise. Each recursive call corresponds to some text alteration e.g., deletion,
insertion or mismatch of character. Other examples of popular edit distances are the
Longest Common Subsequence (LCS) and the Jaro distance. Although they lost
relevancy regarding NLP with the development of text tokenizers, edit distances are
still used in practical ML applications such as spelling correctors.

When the objects of interest are sets rather than ordered sequences, cardinality-
based overlap measures are more natural. The Jaccard index quantifies the similarity
between two finite sets A and B as the ratio of their intersection to their union:

_|anB| _ |ANB|
|AUB| ~ |A|+|B|-|AnB|’

J(A,B) J(4,B) € [0,1]. 27

A value of 1 indicates identical sets and O indicates disjoint sets. The
corresponding Jaccard distance 1 — J (A, B) is a true metric. The Jaccard index is
particularly prevalent in information retrieval, document deduplication via
MinHash, and ecological studies comparing species compositions. Related overlap
measures have also been analysed in recommendation and diversity settings, where
the Jaccard index appears alongside Serensen, cosine, and entropy-derived
measures (Jost, 2006; Verma & Aggarwal, 2020).

The Dice coeftficient (also known as the Serensen—Dice index) is a closely
related overlap measure:

2|ANB|

DSC(4,B) = ==,

DSC(4, B) € [0,1]. (28)

The factor of two in the numerator compensates for the fact that the shared
elements A N B are counted once in each of |A| and | B|, rendering the denominator
equivalent to |A U B| + |A N B|. Consequently the Dice coefficient up-weights the
contribution of the overlap relative to the Jaccard index, and the two are related by

2J(AB)

DSC(4,B) = 17 =

(29)

Unlike the Jaccard distance, 1 — DSC does not satisfy the triangle inequality
and is therefore not a metric. Nevertheless, the Dice coefficient is the dominant
evaluation criterion in medical image segmentation, where it directly measures the
spatial overlap between a predicted and a ground-truth region, and it also serves as
a differentiable training objective in segmentation networks when applied to soft,
probabilistic predictions. Modified Dice coefficients continue to be proposed for
medical-image settings where boundary location and spatial error matter in addition
to raw overlap (Rainio & Klén, 2025).

Together, these three measures illustrate a recurring theme in metric design: the
appropriate notion of dissimilarity is inseparable from the structure of the data.
Imposing a continuous geometry on inherently discrete or combinatorial objects
risks obscuring the very relationships one wishes to quantify.
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Similarity Measures Between Images and Videos

Images and videos highlight the gap between signal-level and perceptual
similarity: two images can be close under a pixel norm yet visually different, or
visually similar despite small translations or intensity changes. This motivates a
hierarchy of measures, from pixel-wise errors to structural, information-theoretic,
and distribution-level criteria.

Pixel-wise measures such as Mean Squared Error (MSE) and Peak Signal-to-
Noise Ratio (PSNR) treat an image as a vector in RF*W*€_ They are simple and
useful in compression or restoration benchmarks, but they correlate poorly with
human judgement when small spatial shifts or perceptually minor changes produce
large pointwise errors.

Structural and statistical measures address part of this limitation. Edge-
detection and facial-image-processing applications illustrate why the chosen image
similarity measure or feature representation can strongly affect downstream
recognition and matching pipelines (Arriagada et al., 2019; Rodrigues et al., 2016).
The Structural Similarity Index (SSIM) compares local luminance, contrast, and
structure, and was introduced precisely to better align image-quality assessment
with human perception (Wang et al., 2004). Normalised cross-correlation (NCC)
compares local intensity patterns after centring and scaling, making it useful for
template matching and optical flow when brightness changes are approximately
affine (Lewis, 1995). Mutual Information (MI) compares joint intensity statistics
and is therefore common in multi-modal image registration (Maes et al., 1997; Viola
& Wells, 1997).

For generative models, evaluation usually compares distributions of images
rather than paired examples. The Fréchet Inception Distance (FID) fits Gaussians to
real and generated Inception-v3 activations and computes the corresponding
Wasserstein-2 distance (Heusel et al., 2017). For video, Fréchet Video Distance
(FVD) applies the same principle to spatio-temporal features, making temporal
coherence part of the comparison (Unterthiner et al., 2018). These distribution-level
metrics are reference-free in the sense that they compare sets of generated and real
samples rather than paired examples, but they depend strongly on the chosen feature
encoder and its domain biases. Recent empirical studies of synthetic-image
evaluation continue to examine how FID and Inception Score behave for generative
models such as VAEs (Chan & Sithungu, 2025).

Geodesic Distances and Manifold-Aware Metrics

Many real-world datasets do not occupy a flat Euclidean space but instead lie
on or near a low-dimensional manifold embedded in a high-dimensional ambient
space. In such settings, the straight-line Euclidean distance between two points may
be geometrically misleading: it cuts through empty regions of the ambient space that
contain no data, whereas the true dissimilarity should follow the curvature of the
manifold. The geodesic distance addresses this by measuring the length of the
shortest path between two points along the manifold, rather than through the
surrounding space.
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Formally, given a Riemannian manifold (M, g) with metric tensor g, the
geodesic distance between two points p,q € M is:

Daeolp ) = inf [ | 9y (70 ¥(0) (0)

where the infimum is taken over all smooth curves y: [0,1] - M withy(0) = p
and y(1) = q, and y(t) denotes the tangent or velocity vector of the curve at time
t. When M is a sphere S™ 1, this reduces to the great-circle distance. When M =
R™ with the standard metric, it coincides with the Euclidean distance.

Graph-based approximation and [somap

In practice, the manifold M is unknown and must be inferred from a finite
sample of data points. The standard approach is to construct a neighbourhood graph
G in which each point x; is connected to its k nearest Euclidean neighbours (or all
neighbours within radius €), with edge weights equal to the Euclidean distances
between connected points. The geodesic distance between any two points is then
approximated by the shortest path in G, computed efficiently via Dijkstra’s or
Floyd—Warshall’s algorithm. Recent graph-algorithm work continues to refine all-
pairs shortest-path computation, including Floyd—Warshall variants for sparse or
disconnected graphs (Zugan et al., 2025). This approximation converges to the true
geodesic distance as the sample density increases, under mild smoothness
conditions on M.

Isomap (Tenenbaum et al., 2000) builds directly on this idea: it replaces the
Euclidean pairwise distance matrix used in classical Multidimensional Scaling
(MDS) with the matrix of graph-based geodesic distances, then applies MDS to find
a low-dimensional embedding that preserves these geodesic distances as faithfully
as possible. This yields a nonlinear dimensionality reduction method that correctly
“unfolds” curved manifolds where PCA and Euclidean MDS fail entirely. Figure 7
illustrates why the distinction between ambient and intrinsic distance matters in such
settings on the famous Swiss roll example.

Heat kernels and diffusion distances

A complementary family of manifold-aware metrics is based on the heat
equation on the data graph. The diffusion distance at time t between points x; and
x; is defined as:

De(xi, %)% = Yi e (e (%) — i (7)), (31)

where 4, and ¢, are the eigenvalues and eigenvectors of the normalised graph
Laplacian. To construct this operator, one first forms a weighted adjacency matrix
W, where W;; records the affinity between neighbouring data points, and a diagonal
degree matrix D with D;; = ¥, ; W;;. The unnormalised graph Laplacianis L = D —
W, while common normalised variants include Lgyy, = I — D~2WD~*/2 and
Lyw = I — D™1W. These matrices are discrete analogues of the Laplace—Beltrami
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operator on a manifold: they compare the value of a function at a point with its
values on neighbouring points, and therefore encode how signals, heat, or random
walks propagate across the data graph.

Figure 7. Ambient Euclidean distance versus intrinsic geodesic distance on a Swiss-
roll manifold. In the embedded view, the Euclidean chord between two points cuts
through the surrounding space and ignores the data manifold. The geodesic path
instead follows the rolled surface. In the intrinsic unrolled coordinate system, this

path corresponds to distance measured along the manifold itself

Embedded Swiss roll Intrinsic view
4-

Euclidean chord = 6.6
Geodesic path = 58.4

o

height
=]
®
[

unrolled manifold coordinate

= geodesic path
Euclidean E‘I"ford -4 -

' ! | I |
20 40 60 80 100
arc-length coordinate along manifold

Intuitively, the diffusion distance measures how differently heat (or a random
walk) spreads from x; versus x; over t steps. This makes it robust to small
perturbations and noise: two points connected by many short paths (i.e., well within
the same region of the manifold) will have a small diffusion distance even if a single
shortest path is corrupted. Diffusion Maps (Coifman & Lafon, 2006) use this
distance to derive a low-dimensional embedding, analogously to Isomap but with
stronger noise robustness and a probabilistic interpretation via random walks.

Geodesic distances on meshes and point clouds

When the manifold is explicitly represented as a triangulated surface mesh,
exact geodesic distances can be computed via the Fast Marching Method (Sethian,
1996), which propagates a wavefront across triangle faces in O(NlogN) time, or
via the Heat Method (Crane et al., 2013), which solves two sparse linear systems on
the mesh and is particularly efficient on GPU hardware. These methods are standard
in 3D shape analysis and computational geometry, where geodesic distances
underpin shape descriptors, surface parameterisation, and shape retrieval.

Limitations

Geodesic approximations via neighbourhood graphs are sensitive to the choice
of k or €. If it is too small, the graph becomes disconnected. If it is too large, short-
circuit edges bridge distinct regions of the manifold, corrupting the distance.
Furthermore, geodesic distances are expensive to compute for large datasets as all-
pairs shortest paths scale as O(NZ2logN) and are not straightforwardly
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differentiable, complicating their use as training objectives in deep learning
pipelines.

Theoretical Implications
Positive Definite Kernels and Their Relationship to Distance Metrics

Kernel methods occupy a central place in machine learning, underpinning
support vector machines, Gaussian processes, kernel PCA, and a broad class of non-
parametric estimators, with kernel-trick formulations also appearing in regression
and classification schemes beyond standard SVMs (Huh, 2015). Their power
derives from the kernel trick: by implicitly mapping data into a high-dimensional
(possibly infinite-dimensional) feature space H, linear operations in H capture
nonlinear structure in the original input space without ever computing the map
explicitly. The central object is therefore a positive definite kernel, and the key
question for this review is when a distance can be used to construct one.

Positive definite kernels and RKHS embeddings
A symmetric function K: X’ X X’ — R is a positive definite kernel if, for any
finite collection of points {x4, ..., x,} € X and coefficients cy, ..., ¢, € R,

?=121]:l=1 Ci CjK(xl-,x]-) > 0. (32)

Equivalently, the Gram matrix G with entries G;; = K(x;, X;) is positive semi-
definite for every finite sample. A canonical example is the Gaussian radial basis
function (RBF) kernel

K(x,y) = exp (— w) (33)

202

where nearby vectors receive large similarity values and distant vectors receive
values close to zero. Under standard conditions, such kernels admit a feature map
¢: X — H into a reproducing kernel Hilbert space (RKHS) such that

K(x,y) = (¢(x), d(¥))s- (34

This factorisation is what makes the kernel trick possible: inner products in H
can be evaluated directly through K without explicit construction of ¢ (Berg et al.,
1984; Berlinet & Thomas-Agnan, 2004).

From distance metrics to kernels: conditionally negative definite functions

Not every distance metric induces a valid PD kernel, and understanding which
distances do is essential for the correct application of kernel methods. The key
concept is that of a conditionally negative definite (CND) distance: a symmetric
function d: X X X — R with d(x,x) = 0is CND if
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n n

Z C; G d(xi,xj) <0 whenever Z C; = 0. (33)

n
i=1 j=1 i=1
Schoenberg’s theorem states that d is CND exactly when

K.(x,y) = exp(—td(x,y)) (34)

is PD for every t > 0 (Berg et al., 1984; Ressel, 1976; Schoenberg, 1938). This
result has profound practical consequences: it precisely characterises which distance
functions can be “kernelized” via the ubiquitous Gaussian (RBF) kernel, and
explains why the RBF kernel constructed from a non-CND distance may yield an
indefinite Gram matrix, rendering the kernel method ill-posed. Figure 8 illustrates
this failure mode for an L3-based radial kernel.

Figure 8. Kernel validity depends on the distance used to construct the Gram
matrix. For the same finite point set, a radial kernel built from squared Euclidean
distance remains positive semi-definite, as expected from the CND property of that
distance. Replacing it with an analogous construction based on an L distance can
produce a negative eigenvalue, showing that the resulting Gram matrix is indefinite
and therefore not a valid positive definite kernel

K= exp(—y|x - y[3) K = exp(—y|x - y|I3)
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Which distances are conditionally negative definite?
Several canonical distances are known to be CND, and hence admit valid RBF
kernelizations:

e The squared Euclidean distance d(x,y) =lx—yll5 is CND.
Consequently, the standard Gaussian kernel K (x,y) = exp(—Il x — y II5/
202)is PD.
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e For0 <p < 2, the L, distance || x — y IIZ is CND. Forp > 2 it is not, so
the RBF kernel builton || x — y Il,, with p > 2 may not be PD.

e The geodesic distance on a sphere is CND, enabling valid kernel methods on
spherical data. Related work extends Schoenberg-type characterisations of
positive definite kernels on spherical and bundled domains (Kuryatnikova &
Vera, 2019).

e The Hamming distance on binary strings is CND, and the corresponding RBF
(diffusion) kernel is widely used in bioinformatics.

Conversely, distances that are not CND, such as the L, norm for p > 2, or
certain graph-theoretic distances, do not directly yield valid PD kernels via the RBF
construction. In such cases, practitioners must either modify the distance (e.g., by
taking a fractional power d? with 8 € (0,1), which can restore the CND property),
use indefinite kernel machinery, or seek an alternative explicit feature map.

The practical implication for metric selection is clear. Choosing a distance
metric is not merely a modelling decision about dissimilarity. It also determines
whether the metric is compatible with the kernel machinery one intends to deploy
downstream. A distance that faithfully captures domain geometry but fails the CND
condition will corrupt the Gram matrix and invalidate theoretical guarantees for
kernel SVMs, Gaussian processes, and related methods. Verifying or enforcing the
CND property should therefore be considered an integral part of metric design in
kernel-based pipelines (Berg et al., 1984; Schoenberg, 1938).

Distance Metric Learning

The distance metrics surveyed in Section 2 are largely hand-crafted, relying on
domain knowledge or geometric intuition to define dissimilarity. Distance Metric
Learning (DML) takes a data-driven perspective: rather than specifying a fixed
metric, it learns a distance function from labelled or weakly labelled data such that
the induced geometry reflects task-specific notions of similarity (Suarez et al.,
2021). The core premise is that performance in downstream similarity-based tasks
(nearest neighbour classification, clustering, etc.) is directly determined by the
geometry of the distance, and that this geometry can and should be optimised jointly
with or prior to the task itself.

Classical Mahalanobis metric learning
The most natural parametric family for DML is the class of Mahalanobis
distances

Du(xy) ={(x=y)"M(x-y), M3>0, (37)
where the positive semi-definite matrix M plays the role of ™1 in Equation 6.
Learning M amounts to finding a linear transformation L (with M = LTL) that
maps the input space into a new Euclidean space in which the standard distance is
task-appropriate (Goldberger et al., 2004; Weinberger & Saul, 2009).
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Deep metric learning

Classical Mahalanobis methods are limited to linear transformations of the
input space. Deep Metric Learning (DeepML) replaces the linear map L with a deep
neural network fp: X — R%, learning a non-linear embedding in which distances
reflect semantic similarity (Hoffer & Ailon, 2015; Kaya & Bilge, 2019).

Angular margin losses

A further line of development replaces Euclidean distance in the embedding
space with angular (cosine) distance and incorporates the margin directly into the
classification objective. Methods such as ArcFace (Deng et al., 2022) and CosFace
normalise both embeddings and weight vectors to lie on a hypersphere, then
introduce an additive angular margin m into the softmax logit:

escos(ayi +m)

(38)

[’Arc = —lOg o 5c0s(@y;+m) scos@

+Zj¢yi e

where 6 is the angle between the embedding and the j-th class centre, and s is a
scale factor. Because the angular margin corresponds directly to a geodesic distance
on the hypersphere, ArcFace enforces tighter intra-class compactness and larger
inter-class separation than purely Euclidean objectives, and has become the de facto
standard loss in large-scale face recognition (Deng et al., 2022).

Supervision regimes and sampling

DML methods differ not only in their loss function but also in the form of
supervision they require. Pair- and triplet-based methods rely on relative constraints
(“x; 18 more similar to x; than to x; ), which are often cheaper to obtain than
absolute class labels. This has motivated self-supervised and contrastive
representation learning variants (such as SimCLR and MoCo) that generate
positive pairs through data augmentation without any manual annotation, effectively
learning a metric purely from the structure of the data (Chen et al., 2020; He et al.,
2020).

Applications and broader impact

DML has achieved state-of-the-art results in face verification and recognition,
person re-identification, image retrieval, few-shot learning, and recommendation
systems (Kaya & Bilge, 2019). In contemporary ML, related metric choices also
appear in transformer attention, where scaled dot products define token-level
similarity, and in multimodal contrastive systems such as CLIP, where image and
text embeddings are aligned by cosine-like objectives (Radford et al., 2021;
Vaswani et al.,, 2017). Diffusion models likewise rely on feature-space and
distributional distances for training diagnostics and evaluation, even when their
generative objective is not itself a distance metric (Ho et al., 2020). Beyond
performance, DML represents a conceptual shift in how distance is treated in the
ML pipeline: rather than a fixed geometric assumption about the data, the metric
becomes a learned inductive bias, shaped by the task, the data distribution, and the
available supervision signal. This view reinforces the central argument of the
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present paper: metric selection and design are modelling decisions with
consequences for learning.

The same issue reappears in representation learning more broadly. DML
explicitly trains an embedding so that distances serve a task objective. Latent-
variable and generative models may also produce embeddings, but without a metric-
learning objective there is no guarantee that Euclidean latent distance captures
semantic similarity. This motivates the latent-space fidelity question considered
next.

Latent Space Fidelity

Representation learning methods such as autoencoders and variational
autoencoders (VAE) compress high-dimensional observations x € X into latent
codes z € Z. A central question is whether distances in Z reflect meaningful
semantic or geometric relationships in X . This issue is directly relevant to
downstream tasks such as interpolation, nearest-neighbour search, clustering, and
anomaly detection.

The simplest assumption is that Euclidean distance in latent space is
meaningful. In practice this often fails because the decoder is nonlinear, so straight
lines in Z need not correspond to natural paths on the data manifold in observation
space. As a result, latent Euclidean distance may reflect artefacts of the
parametrisation rather than genuine similarity.

A principled alternative is to endow the latent space with the pullback
Riemannian metric induced by the generator. Arvanitidis, Hansen, and Hauberg
(Arvanitidis et al., 2018) show that this leads to geodesics that better respect the
learned manifold geometry than naive Euclidean interpolation. Related work further
argues that uncertainty is crucial for recovering meaningful latent geometry and that
purely deterministic embeddings may distort or obscure the manifold structure
(Arvanitidis et al., 2021; Hart et al., 2009). Figure 9 illustrates why a straight latent
interpolation can differ from a decoder-aware geodesic path. The figure is synthetic:
latent samples were drawn around a one-dimensional curved manifold z, =
0.72sin(1.75z;) + 0.18z; with additive Gaussian noise, and the background
density was computed from distance to that same curve.

A separate failure mode is posterior collapse in VAEs, where the latent
variables become uninformative because the decoder can model the data without
using them. In that regime, latent distances lose semantic content altogether
(Bowman et al., 2016; Ichikawa & Hukushima, 2024; Lucas et al., 2019). The
broader lesson is that the geometry of a learned representation should not be
assumed. It must be justified by the model and, when necessary, replaced by a
geometry induced by the decoder or by explicit metric-preservation objectives.
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Figure 9. Latent-space fidelity in a learned representation. A straight Euclidean
interpolation between latent codes z, and z;, can pass through low-density or
semantically invalid regions of the latent space. A decoder- or pullback-aware
geodesic instead follows the learned high-density geometry, better preserving
meaningful variation in the observation space
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Geometric Transformations and Induced Metrics

A central but often overlooked insight in machine learning is that every feature
transformation implicitly defines a new distance. If data are mapped from an input
space X into a feature space F by ¢p: X — F, then many algorithms compare ¢ (x)
and ¢ (y) rather than x and y:

Dg(x,y) =l p(x) — p(¥) Il (39).

Thus the modelling question is not only which distance is used, but in which
representation it is used.

As a compact example, a polynomial feature map sends an input vector to
monomials of its coordinates. Geometrically, this changes the notion of proximity
by comparing points after nonlinear expansion rather than in the original
coordinates. Two inputs that are moderately separated in the raw coordinates may
become much farther apart after quadratic or higher-order terms are introduced,
while other directions may be compressed. This is why a linear separator after a
polynomial expansion corresponds to a nonlinear decision boundary in the original
space: the algorithm is operating in the geometry of the transformed representation.
Figure 10 illustrates this induced-distance effect for a simple quadratic feature map.
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Figure 10. A nonlinear feature map induces a new distance geometry. In the raw
input space, two point pairs have the same Euclidean separation. After the
quadratic feature map ¢(x) = (x, x?), Euclidean distance in feature space assigns
different separations to the two pairs. The operative distance is therefore
Dy (x,y) =l ¢(x) — ¢(¥) llz, not the raw input distance

Raw input space Feature space: ¢(x) = (x, x2)
same raw distance,
but stretched by ¢
@]
) 4-
equal raw distances
dy=2.48
Ax=0.70 3-
x
S 5-
o © o o 2 @
Ax =070 1-
o~ o—o0
[ | ' [ | 1 i ds =070 1 i
=2 -1 0 1 2 -2 -1 u 1 2
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Kernel methods make the same idea implicit. A kermel K(x,y) =
(p(x), (y))4 defines the RKHS distance

Dy (x,y) = yK(x,x) = 2K(x,y) + K, ), (40)

which may differ substantially from Euclidean distance in the input space
(Scholkopf et al., 2001). For the Gaussian RBF kernel, for example, K(x,y) =
exp(—Il x — y I?/20?) maps Euclidean separation into a bounded similarity scale
controlled by o: small changes inside the bandwidth are treated as highly similar,
while points beyond a few bandwidths become nearly indistinguishable from one
another in terms of kernel similarity. The chosen bandwidth is therefore a geometric
modelling choice, not merely a numerical hyperparameter.

Deep representations follow the same principle: contrastive, classification, and
reconstruction losses can induce different notions of proximity. Even standard
architectural operations such as batch normalisation and layer normalisation alter
the scale and orientation of intermediate representations, and therefore change
which directions in activation space are emphasised by subsequent dot products or
Euclidean comparisons (Ba et al., 2016; loffe & Szegedy, 2015). The practical
implication is straightforward: when a model transforms the data, the operative
distance is the one induced by that transformation, not necessarily the Euclidean
distance in the raw input coordinates.

Distances in Projective Geometry
Projective representations illustrate a recurring theme of this review: the
coordinates used by an algorithm are not always coordinates in which Euclidean

distance is meaningful. Straight lines in 3-space, for example, can be represented by
Plucker coordinates in P> (De Boi et al., 2023; Pottmann et al., 1999), while planar
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homographies are represented by 3 X 3 matrices defined only up to scale (Hartley
& Zisserman, 2004). In both cases, multiplying the coordinate vector or matrix by a
non-zero scalar leaves the represented geometric object unchanged.

This scale invariance makes naive Euclidean distances coordinate dependent.
Normalising homogeneous coordinates by unit norm, by a chosen component such
as hz3 = 1, or by dehomogenisation leads to different numerical distances and may
therefore change the outcome of matching, estimation, or clustering. Figure 11
illustrates this dependence on the chosen representative in the simple case of P*.
Alternatives, such as angular distances (see also Section 2.3), geometry-aware line
distances, cross-ratios (computed for 4 points rather than 2) or weighted projective
geometry (in case the scale has a relevant interpretation) are often preferable when
the task at hand is to compare the represented objects rather than their arbitrary
coordinate representatives (Pottmann & Wallner, 2009).

In computer vision, homography estimation, line matching, and multi-view
reconstruction compare objects that are naturally defined only up to projective scale.
A distance on coordinate arrays can therefore disagree with the geometric error
relevant to the task. Related line-geometric calibration and reconstruction settings
illustrate the same point: the metric should compare the represented geometric
object, not merely its coordinates (De Boi et al., 2021; De Boi et al., 2022). This
section is included as a reminder that some data representations carry invariances
before any learning algorithm is applied, and that those invariances should be
reflected in the chosen dissimilarity. Similar representation-dependent issues arise
in camera modelling and line-calculus-based optical calibration, where the
operational distance is tied to the chosen geometric parametrisation rather than to
raw image or actuator coordinates (De Boi et al., 2024; Penne et al., 2023).

Figure 11. Different representatives of points in P1. Each coloured ray represents
one projective point. Diamonds show arbitrary homogeneous representatives,
circles spherical normalisation, and squares affine normalisation. Distances
depend on the chosen representation: after affine normalisation, the distance
between the blue and purple representatives is close to the distance between the
purple and orange representatives, whereas after spherical normalisation these two
distances become substantially different

Normalising points in P!
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Identifiability of Distance Metrics

Identifiability asks whether geometric quantities inferred from data are
uniquely determined, at least up to an accepted equivalence. In latent variable
models, different latent coordinate systems may represent the same observed data
distribution, so Euclidean distances between latent codes are not automatically
interpretable. Related issues arise in nonlinear independent component analysis and
identifiable variational autoencoders, where additional structure or auxiliary
variables are needed to recover meaningful latent factors (Hyvéarinen & Morioka,
2016; Khemakhem et al., 2020).

A principled response is to focus on geometry induced by the model, such as
pullback metrics and geodesic distances, rather than on raw coordinates. Recent
work shows that, under suitable regularity conditions, such metric structure can be
identifiable even when the latent parametrisation is not (Syrota et al., 2025).
Figure 12 illustrates this issue with two t-SNE embeddings of the same high-
dimensional Swiss-roll data. Although both embeddings are generated from the
same observations, different random initialisations lead to different two-
dimensional coordinates and different Euclidean distances between matched point
pairs (Maaten & Hinton, 2008). Related uncertainty-aware extensions of
multidimensional scaling reinforce the same caution for unstable or uncertain
embeddings (Hagele et al., 2023).

Figure 12. Two latent representations of the same observed high-dimensional points.
The data are sampled from a Swiss-roll manifold embedded in 20 dimensions, then
reduced to two dimensions by two t-SNE runs with different random initialisations.
The colour encodes the same underlying manifold parameter in both maps. The right
panel compares distances for the same pairs of observations in the two latent maps,
showing that not every pairwise distance is preserved

t-SNE latent map A t-SNE latent map B same pairs, different distances
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Computational Aspects of Distance Functions

Beyond their distinct use cases, the distances covered in this paper exhibit
significant variation in computational cost. This is especially relevant for ML
algorithms and models that are based on similarity measures, such as k-means or
Gaussian processes, as they require computing distances not only between two
specific points but between every possible pair of points in a potentially large

28



—
SO OO0 IO DN B W~

A EA DA DD WL WLWWUWWWWWERNNINNNNNNNDDNREFEFE = ———
NP WL, OOV WNRL OOV WUMPDWND—R OOV ONWM P WN -

2026-7284-AJS-MAT — 1 JUN 2026

dataset. As a result, even inexpensive distances with pairwise complexity O(d)
ultimately incur a total cost of O (N?d) when used in such models, where N is the
size of the dataset or batch and d is the dimensionality of a sample. It is therefore
important to understand both the cost of a single comparison and the number of
times such comparisons are performed within a model. This section focuses on
pairwise comparison complexities.

Providing a uniform frame for analysing the computational complexity of these
distances is nearly impossible, as computational costs depend on multiple factors.
The time required to compute a distance depends on the specific algorithm used, the
structure and shape of the data on which it is computed, and the hardware used to
perform the computations. For computationally expensive metrics specifically, the
literature is constantly evolving, with new approximation methods, parallel
algorithms optimised to run on GPUs, and memory optimisations. Therefore, this
section only aims to provide a broad overview of computational considerations to
keep in mind when choosing a metric for a specific application.

Minkowski L,, norms, cosine similarity, angular distances and Pearson distance
are among the simplest distances in terms of computation. They require a single pass
over the vector components, leading to an O(d) complexity, where d is the
dimensionality of the vectors. GPU-optimised algorithms are available (Eslami et al.,
2017).

Set-based metrics can be computed efficiently in O(|A| + |B|), where |A| and
| B| are the cardinalities of the two sets A and B. For very large sets, this complexity
can be drastically reduced using hashing algorithms such as MinHash (Broder, 1997).

Image distances that operate pixel-wise naturally incur an O(WHC)
computational complexity, where W and H denote the width and height of the
images, respectively, and C represents the number of colour channels. Because the
Structural Similarity Index Measure (SSIM) relies on a sliding window, its
complexity escalates to O(WHk?), where k is the window’s side length (Levy et
al., 2025). To alleviate these computational overheads, domain-specific
optimisations can be deployed, such as Fast SSIM (Chen & Bovik, 2011).
Conversely, the Fréchet Inception Distance (FID) represents one of the most
computationally demanding metrics, as its evaluation requires computing the matrix
square root of a covariance product. This matrix operation scales cubically, resulting
inan 0(d?) complexity, where d is the dimensionality of the underlying Inception-
v3 latent embeddings.

Metrics that involve a minimisation problem often require more complex
computations. Edit distances can be computed using a dynamic programming
algorithm in O (1?) time, where [ is the length of the strings. DTW computation also
has quadratic complexity, although constraints such as the Sakoe—Chiba
band (Sakoe & Chiba, 1978) can provide cheaper lower-bound approximations in
practice. Chamfer distance, as a sum of nearest-neighbour distances, can also be
computed in O(N?), where N is the number of samples.

For EMD, the optimisation problem involves a computation of complexity
O (n3logn), where n is the number of bins. This complexity can be reduced when
working with one-dimensional data, or by using one of many approximation
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methods (Shirdhonkar & Jacobs, 2008), such as the Sinkhorn algorithm (Cuturi,
2013).

As seen with the FID, metrics that involve covariance matrices often incur
higher computational costs. The Mahalanobis distance requires a Cholesky
decomposition of the covariance matrix, implying an O (d?) preprocessing cost,
where d is the dimensionality of the vectors. However, this decomposition only
needs to be computed once and can then be reused for subsequent comparisons,
reducing the complexity of each comparison to O(d?) due to the matrix—vector
multiplication.

Measures for probability distributions provide good examples of the difficulty
of summarising the complexity of a metric with a single figure. In the case of
discrete distributions, these measures can often be computed in linear time.
Computing them on continuous distributions typically involves numerical
integration, making them intractable in many cases (Pérez-Cruz, 2008). Recent
literature has explored estimation methods based on k-nearest-neighbours to
approximate the KL divergence (Zhao & Lai, 2020). On the other hand, restricting
the problem to specific distributions (e.g., Gaussian distributions) often leads to
analytical solutions that can be computed efficiently. For example, the KL
divergence between two d-dimensional Gaussian distributions can be computed in
O(d?) time for full covariance matrices, but this reduces to O(d) for isotropic
Gaussians.

Practical Synthesis: Choosing a Metric

The central practical question is not which distance is best in the abstract, but
which assumptions about the data and task should be made explicit. Table 1
summarises choices that are mainly driven by the data representation, while Table 2
summarises choices that are mainly driven by modelling or theoretical constraints.

A hand-crafted metric is often appropriate when the data type already suggests
a clear invariance: coordinate-wise comparison for vectors, covariance-aware
comparison for correlated features, angular comparison for embeddings, projective
normalisation for homogeneous coordinates, Chamfer or EMD for point clouds,
divergence or transport distances for distributions, diagram distances for topological
summaries, DTW for temporally misaligned sequences, Jaccard or Hamming
distance for discrete objects, perceptual or feature-based criteria for images and
videos, and geodesic or diffusion distances for manifold-like data. These choices are
attractive because their assumptions are transparent, but they can fail when the task-
specific notion of similarity differs from the generic geometry of the data type.

Metric learning becomes preferable when supervision or reliable weak
supervision is available and the goal is predictive performance in a specific task.
Kernel-compatible distances become important when the chosen dissimilarity will
be used to form a positive definite kernel. Pullback and induced metrics become
preferable when the central assumption is geometric rather than label-based:
similarity should follow a feature map, a learned representation, or a decoder-
induced surface. Common mistakes are to ignore feature scaling, apply Euclidean
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distance after a nonlinear transformation without asking what geometry was
induced, or use a computationally expensive metric without checking whether its
additional structure changes the downstream decision.

Table 1. Compact guide for selecting representation-driven metrics or dissimilarity

measures
Data or task Useful choice Metric status Main caution
Euclidean
’ >
Scaled Manhattan, Yes forp . 1, noforp < .\ .
1 because triangle Sensitive to scaling
vectors Chebyshev, inequality fail
Minkowski equality fatls
Correlated Mabhalanobis / Yes 1f matrix is positive Requires stable
learned PSD definite, pseudo-metric if o
features . i . estimation
metric only semi-definite
Sparse text or | Cosine similarity Cpsme simtlarity S nota .| Scale information is
) . distance, angular distance is
embeddings | / angular distance . removed
a metric
.. Normalisation- Conditional, coordinate .
Projective o . Coordinates depend
aware projective | distances depend on the
data on gauge

distance

chosen normalisation

Chamfer is not a metric
because triangle inequality

Point clouds | Chamfer/ EMD | can fail, EMD is a metric goosctasﬂ d?flf(‘i rglobal
under standard transport
assumptions
KL, JS, KL is not, JS is not unless Support and
Distributions | Hellinger, square-rooted, Hellinger s prr)ne try differ
Wasserstein and Wasserstein are metrics | > Yy
. Bottleneck / Yes on persistence .
Persistence . . oy 1 Sensitive to
. diagram diagrams with diagonal .
diagrams . . filtration
Wasserstein matching
Time series Dynarmc Time NQ, triangle inequality can | Can over-warp
Warping fail sequences
Sets or binary | Jaccard / Jaccarq dlstgnce and Ignores feature
. Hamming distance are
data Hamming . dependence
metrics
Levenshtein is a metric.
Strings or Damerau—Levenshtein and | Purely character-
. Damerau— .
discrete . LCS-based distances based, no grammar
Levenshtein / ) .
ordered depend on the precise or semantic
LCS/Jaro . :
sequences variant, while Jaro relaxes encoded
the triangle inequality
MSE, PSNR, Root-MSE is a metric, most '
Images or others are not because Encoder bias can
. NCC, SSIM, M], o :
videos symmetry, identity, or dominate
FID, FVD / . LY O
triangle inequality fail
Manifold-like | Geodesic / Usually yes when the & aph Graph construction
DO or manifold constructionis | . .
data diffusion distance is fragile

valid
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Table 2. Compact guide for model-dependent and theoretical metric choices.
Data or task Useful choice Metric status Main caution
Conditional, CND

Kernel CND-compatible - Indefinite Gram
. guarantees kernel validity .
methods distances S matrices
but not all metric axioms
. Conditional, depends on
Superv1§ed Learned metric whether the learned form May over fit
embeddings S supervision
enforces metric axioms
Latent Pullback/ | Conditional, valid when the |  uclidean latent
generafive decoder metric | induced geometry is regular distance can
models & Yy gl mislead
Feature- Induced feature- ‘Metrl.c if the feat.um map 1S Raw-space intuition
transformed . injective, otherwise pseudo- \
space metric . may fail
data metric
Not a single metric, but a
Identifiability | Geometry-level check on whether the Identifiability must
questions comparison distance is uniquely be checked
determined

The tables should be read as decision aids rather than rankings. The most
reliable choice is usually the simplest metric whose invariances match the scientific
or engineering question. More complex learned or geometric distances are justified
when they encode information that the simpler metric cannot.

Conclusions

This review has highlighted the diversity and importance of distance metrics
and dissimilarity measures in modern Machine Learning. Moving beyond Euclidean
distance is not merely a matter of replacing one formula by another. It changes the
geometry in which learning takes place, the invariances encoded by the model, and
the meaning of similarity used by downstream algorithms.

Across the examples considered here, a common pattern emerges: each metric
becomes appropriate only under particular assumptions about the data. When those
assumptions are violated, the resulting notion of distance may be computationally
convenient but semantically misleading.

The theoretical perspectives discussed in this paper reinforce the same point. In
modern ML pipelines, the operative metric is often induced by a feature map, a
learned embedding, a kernel, or a decoder-defined geometry rather than chosen
directly in the raw input space. Open problems remain in making metric choice more
auditable, especially for large foundation models, multimodal embeddings, and
generative models whose learned spaces are difficult to interpret. For both
researchers and practitioners, the main message is straightforward: distance is a
modelling choice, and it should be justified with the same care as architecture, loss,
or prior.
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